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SAMENVATTING

Het onderwerp van dit proefschrift is een relatief nieuwe klasse warmtemotoren en warm-
tepompen, die gezamenlijk thermo-akoestische (TA) systemen genoemd worden. TA syste-
men zijn commerciëel interessant door hun lage aantal bewegende delen en het potentieel
hoge rendement. Het hart van een TA systeem maakt gebruik van de interactie tussen
warmte en sterke geluidsgolven. In het geval van de TA motor wordt warmte omgezet in
geluid. Met behulp van bijvoorbeeld een lineaire alternator (een soort omgekeerde luid-
spreker) kan dit geluid vervolgens worden omgezet in elektriciteit. In het geval van een
TA warmtepomp worden sterke geluidsgolven gebruikt om warmte te pompen van een
koude naar een warme bu�er. Een erg interessante toepassing is een TA motor die een TA
warmtepomp van vermogen voorziet. In dit geval kan een systeem gemaakt worden zonder
bewegende - en dus mogelijk slijtende - onderdelen.

Zoals gebruikelijk bij thermodynamische machines, en dus ook bij TA systemen, wor-
den de prestaties gemeten in termen van rendement, geleverd vermogen, of een hoeveel-
heid opgepompte warmte per tijdseenheid. Om deze grootheden tijdens de ontwerpfase
te voorspellen kan gebruik worden gemaakt van rekenmodellen. Met behulp van drie-
dimensionale numerieke stromingsleermodellen (CFD) kunnen de natuurkundige e�ecten
in het vloeistofdomein van het TA systeem tot in detail voorspeld worden. Echter, het door-
rekenen van een volledig TA systeem met CFD is erg tijdsintensief. Daarom dient het re-
kendomein beperkt worden tot enkele onderdelen van het systeem. Hiervoor zijn rand-
voorwaarden nodig die de interactie beschrijven tussen de delen van het systeem die wel
en niet gemodelleerd worden. Deze randvoorwaarden zijn echter moeilijk te bepalen.

Een andere strategie is het vereenvoudigen van het rekenmodel om de rekentijd te re-
duceren. Dit heeft reeds geresulteerd in het bekende thermo-akoestische model van Swift
en Rott, dat geïmplementeerd is in de computercode DeltaEC. Met dit model kunnen snelle
voorspellingen van een systeem gedaan worden voor lage oscillatie-amplitudes. Echter, om
een hoge vermogensdichtheid te bereiken, worden in praktische thermo-akoestische syste-
men juist relatief hoge amplitudes gebruikt. Om voor dit geval ook goede voorspellingen te
geven van de prestaties, moeten in het model ook de - over het algemeen - rendementver-
lagende niet-lineaire e�ecten meegenomen worden.

Dit proefschrift beschrijft twee bijdragen op het gebied van het modelleren van thermo-
akoestische systemen. Ten eerste is er een eendimensionaal TA warmteoverdrachtsmodel
ontwikkeld. Dit model kan gebruikt worden om de prestaties in te schatten van de, in TA
systemen veel gebruikte, parallele-plaatwarmtewisselaars. Deze warmtewisselaars zitten
dichtbij de stack, of regenerator, en realiseren de benodigde warmte in- en uitvoer. Het mo-
del is tweede orde accuraat, wat betekent dat het geldend is voor lage oscillatie-amplitudes.
Het model is geschikt om te implementeren in een eendimensionale frequentiedomein TA
code, zoals het eerder genoemde DeltaEC.
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viii Samenvatting

Ten tweede is er een niet-lineaire frequentiedomein-methode toegepast die het mogelijk
maakt om bij een simulatie de opstartfase van een TA systeem over te slaan: de methode
kan gebruikt worden om direct de periodieke oplossing te vinden van een TA systeem. Dit
zorgt voor een aanzienlijke verlaging van de rekentijd, omdat de opstartfase vaak enkele
honderden cycli bedraagt, en deze hoeft dus niet te worden gesimuleerd. De methode is
toegepast op een eendimensionaal, niet-lineair TA model. Een belangrijk resultaat is dat
de toepassing van de niet-lineare frequentiedomein-methode het model consistent maakt
met het lineaire TA model. Dit was niet mogelijk met de tijddomein variant van dit model.
Het model is gebruikt om een experimentele staande golf thermo-akoestische motor uit de
literatuur te simuleren. De verkregen resultaten zijn in overeenstemming met de resultaten
uit deze literatuur.

Voor het uiteindelijk modelleren van thermo-akoestische Stirlingmotoren, zijn verschil-
lende toevoegingen nodig in het model die verder onderzoek vereisen. Zo zal er bijvoor-
beeld, door de relatief hoge snelheidsamplitudes een turbulentiemodel benodigd zijn. Ook
zal er nog een bewegende wand-randvoorwaarde geïmplementeerd moetenworden omme-
chanische vermogensproductie te kunnen modelleren.

Het niet-lineaire TAmodel met de niet-lineaire frequentiedomein-methode is een snelle
combinatie voor het simuleren van eendimensionale niet-lineaire akoestische systemen.
De methode maakt het doen van optimalisatieberekeningen mogelijk met een niet-lineair
thermo-akoestisch model. Bovendien is de methode niet beperkt tot thermo-akoestische
systemen. De niet-lineaire akoestische velden in vrije-zuiger-Stirlingmotoren, pulsbuiskoe-
lers en ook sommige blaasinstrumenten kunnen hiermee op een e�ciënte manier gemodel-
leerd worden.



SUMMARY

The subject of this thesis is a relatively new class of heat engines and refrigerators, called
thermoacoustic (TA) systems. TA systems have gained commercial interest due to their low
number of moving parts and potentially high e�ciency. The heart of a TA system utilizes
the physical interaction between heat and strong sound waves. In the case of a TA engine,
heat is converted to acoustic power. This power can subsequently be converted to electricity
using a “reversed” loudspeaker, called a linear alternator. In a TA refrigerator, a speaker or
linear alternator is used to generate a strong acoustic wave, which is used to pump heat.
Alternative applications are a TA engine, which drives a TA refrigerator. The latter uses no
moving parts at all.

Like all other thermodynamic machines, the performance of thermoacoustic systems
is expressed in terms of power output, heat lifted and/or e�ciency. To predict this perfor-
mance beforehand, the design of thermoacoustic systems needs to be assisted with accurate
physical models. Tomodel all physics in a thermoacoustic engine, a three-dimensional com-
putational �uid dynamics (CFD) simulation is required of the full system. However, three-
dimensional CFD simulations of a full thermoacoustic system are too time-consuming to be
used as a design tool, hence the computational domain need to be restricted to some parts
of the system. This requires assumptions on the interaction between the simulated domain
and the part of the system which is not modeled.

Another strategy is to make simpli�cations on the physical model to reduce the com-
putational cost. This has resulted in the famous second order thermoacoustic model of
Swift and Rott, as implemented in the computer code DeltaEC. Using this model, fast pre-
dictions of engine performance can be made for low amplitude oscillations. However, to
achieve competitive power density, thermoacoustic systems are generally run at such high
amplitudes, that performance deteriorating nonlinear e�ects can no longer be neglected. To
predict performance in this regime more accurately, a nonlinear model is required.

This thesis describes two contributions to the �eld of thermoacoustic system modeling.
Firstly, a one-dimensional heat transfer model has been developed. This model can be used
to estimate the performance of often used parallel-plate heat exchangers for thermoacoustic
systems. These heat exchangers are located close to the stack or regenerator of a TA system
and are responsible for the heat in/output required to let the system execute its thermo-
dynamic cycle. The model is second order accurate, which means that it is valid for low
amplitude oscillations. It is suitable to be implemented in frequency domain thermoacous-
tic codes, such as the previously mentioned DeltaEC. The results show a good match with
a di�erent heat transfer model from the literature, and the model provides guidelines for
future heat exchanger design.

Secondly, a nonlinear frequency domain method is developed with which the initial
transient start-up process can be skipped in the simulations. The method can be used to
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x Summary

directly simulate a TA system in its periodic steady-state. This signi�cantly reduces com-
putational cost, since the initial transient regime often involves several hundred oscillation
cycles. The method is applied to a one-dimensional nonlinear model of TA systems. An im-
portant �nding is the fact that by applying this method to the model, consistency with linear
thermoacoustic theory can be realized. This was not possible with the original nonlinear
time domain form of the model. The model is used to simulate an experimental standing
wave thermoacoustic engine from the literature. The obtained results are in agreement with
literature results.

For modeling of thermoacoustic Stirling engines, several additions need to be made to
the model, which require further research. For example, the high velocity amplitudes in
these machines require a turbulent �ow model. Furthermore, moving wall boundary con-
ditions need to be included to provide the means for power extraction from the TA system.

The nonlinear TA model including the nonlinear frequency domain method is a fast
combination to solve one-dimensional nonlinear acoustic systems. The method opens the
possibility of optimization parameter studies with a nonlinear thermoacousticmodel. More-
over, it is not restricted to thermoacoustic systems. Nonlinear acoustic �elds such as present
in free-piston Stirling engines, pulse tube cryocoolers and some musical wind instruments
can also be modeled in a computationally e�cient way.
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chapter 1

AN INTRODUCTION TO THERMOACOUSTIC SYSTEMS

This chapter comprises two parts. First, a general introduction to the research topic of thermoacoustic

systems is given, with a focus on the thermodynamical aspects. The second part starts at Sec. (1.4) and

describes the research project, motivation and objective of this thesis. The chapter concludes with an

overview of the upcoming chapters.

During the age of the industrial revolution, man started the large-scale transition from the
use of human and animal mechanical power to machine power. Nowadays, machine power
is all around us, literally available with a �ick of the switch. The machines producing this
power are mainly placed in electrical power plants, under the bonnet of our cars and trucks,
and under the wings of our airplanes.

All these devices share the property of producing power from heat and are therefore
commonly called heat engines, or prime movers. These engines can be classi�ed by the
thermodynamic cycle on which they operate. The electrical power plants often use water
as a working �uid and the thermodynamic cycle is essentially the same as the cycle of steam
locomotives, called the Rankine cycle. Car engines use the Otto cycle or Diesel cycle and
modern airplane engines use the Brayton cycle. Brayton cycles are also found in gas-�red
electricity plants.

Figure 1.1 – Left: photograph of the inventor of the Stirling engine: Rev. Robert Stirling (1790- 1878). Right:
mechanical con�guration of his Stirling engine. The numbers are 1: �ue gas exit, 2: piston, 3: transmission
rods, 4: crankshaft, 5: �ywheel, 6: connecting rods, 7: expansion space, 8: compression space, 9: gas displacer
(described in Sec. (1.1)), 10: �re. Pictures copied and adapted from [47].
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2 Chapter 1. An introduction to thermoacoustic systems

What all cycles mentioned so far have in common is that none of these are able to
achieve the maximum amount of power from the available input heat. More technically,
the thermal e�ciency of these cycles is lower than the highest physically possible thermal
e�ciency between two heat reservoirs at di�erent temperatures. This e�ciency is called
the Carnot e�ciency [9, p, 253].

A thermodynamic power cycle that is able to reach the Carnot e�ciency is the Stirling
cycle, named after the Scotsman Rev. Robert Stirling, who patented his “hot air engine”
in 1816 [47, p. V]. Figure (1.1) shows a photograph of Rev. Robert Stirling alongside of
his engine. The advantages of this engine, such as low noise, potentially high e�ciency
and fuel independency, have fascinated researchers and engineers for nearly two centuries.
However, its low speci�c power1 compared to the internal combustion engine made the en-
gine lose the “dollars-per-horsepower” race in the �rst half of the twenty-�rst century [13].
An important step forward in Stirling engine research started in the 1960s after the inven-
tion of the free-piston Stirling engine by William Beale in 1964 [5]. This engine eliminates
wear and sealing problems with non-contact operation of the power piston and mechanical
displacer.

1.1 The Stirling cycle

Figure (1.2) shows the physical arrangement for a thermal core of a Stirling cycle machine.
The cold and hot space are assumed to be in thermal equilibrium with the cold and hot wall,
respectively. Two pistons are shown, which are able to push the gas through the regenerator.
For the analysis it is assumed that the amount of gas in the regenerator can be neglected.
Hence, if both pistons are in the leftmost position, all gas is in the cold space, and if both
pistons are in the rightmost position, all gas is in the hot space. The regenerator functions as
a “thermal sponge”, absorbing heat when the hot gas moves through the regenerator from
the hot space to the cold space, and releasing heat when gasmoves in the opposite direction.
As part of the idealized analysis, the motion of the pistons is assumed to be frictionless and
there exists no leakage through the pistons.

The Stirling cycle consists of four discrete steps, as shown in Figure (1.3). Each step
converts the gas to a new thermodynamic state. The states are numbered 1 through 4. On
the right side of the �gure, T–S diagrams and p–V diagrams are shown. These diagrams
help with the description of the steps in the cycle, as they indicate what stays constant and
what changes in a step. From the T–S diagram, the heat input can be evaluated as

Qin =

˛

TdS, (1.1)

where Qin is the net heat input, T is the temperature and S is the entropy. From the p–V
diagram, the work output can be evaluated as

Wout =

˛

pdV, (1.2)

1In Watts of mechanical power per cubic meter of engine, or Watts per kilogram of engine.
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Compression piston Expansion piston

RegeneratorCold wall Hot wall

Insulation

Hot spaceCold space

Figure 1.2 – Physical arrangement for performing a Stirling cycle. The cold and hot wall are assumed to be
perfect heat reservoirs at di�erent temperatures. Gas is moved through the regenerator from the cold side
to the hot side of the volume by the pistons.

where Wout is the net work output, p the pressure and V the volume. Note that the �rst
law of thermodynamics states that Qin = Wout and from the second law it can be deduced
that

˛

dQin

T
≤ 0, (1.3)

which is known as the Clausius inequality [23, p. 39].
In step 1 → 2, the gas is isothermally compressed. For a thermally perfect gas, the

internal energy of the gas stays constant during this step. Pressure increases and the gas
volume decreases. In Step 2 → 3, the gas is pushed through the regenerator, absorbing
heat from the regenerator, while the gas volume stays constant. Due to the increase in
temperature at constant volume, the gas pressure increases further. The work step is 3 → 4,
in which the gas expands isothermally at the high temperature. Finally, in step 4 → 1 the
expanded gas is pushed back through the regenerator to the cold space, rejecting heat to
the regenerator in the meantime. Reaching stage 1 again, the cycle is complete and a new
cycle begins.

For the analysis of the thermal e�ciency of this cycle, the system boundaries can be
taken around the regenerator. Then, the only places where heat is exchanged with the
surroundings is at the hot and cold wall. Hence Qin = Q3→4 +Q1→2. Then the e�ciency
is

η =
Wout

Q3→4
=

Q3→4 +Q1→2

Q3→4
. (1.4)

Note that all processes are reversible and therefore the inequality of Eq. (1.3) becomes an
equality. Moreover, the heating and cooling in steps 3 → 4 and 1 → 2, respectively, are
isothermal. As a result, Eq. (1.3) can be simpli�ed to

Q3→4

T3→4
+

Q1→2

T1→2
= 0. (1.5)
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Figure 1.3 – Diagram showing the four steps of the Stirling cycle. A dashed piston denotes the position
of that piston at the start of the stage. On the right, the corresponding paths in the T–S diagram and p–
V diagram are shown. 1 → 2: Isothermal compression, 2 → 3: isochoric heating, 3 → 4: isothermal
expansion, and 4 → 1: isochoric cooling. The arrows in the �gure denote the direction in which heat �ows
during the stage. 1 → 2: heat rejected to cold bu�er. 2 → 3: heat added from regenerator. 3 → 4: heat
added from hot bu�er. 4 → 1: heat rejected to regenerator. For an ideal regenerator, the heat �ow from the
regenerator in stage 2 → 3 is the same as the heat �ow to the regenerator in stage 4 → 1.

Combining Eq. (1.4) and Eq. (1.5) results in

η = 1− T1→2

T3→4
, (1.6)

which equals the Carnot e�ciency for these temperatures.
The Stirling cycle is a highly idealized situation and it should be noted that Stirling

engines do not perform a Stirling cycle. In fact, each gas particle in the engine follows a
di�erent path and hence performs a di�erent cycle, and some of them do not contribute to
the power output at all. Moreover, in reality no regenerators without an internal void exist,
because one way or another the hot and cold side of the engine need to transport the gas
through the regenerator. Hence, some gas particles initially on the cold side never reach
the hot side. The same applies to particles initially on the hot side. Additionally, as the
engine runs at a �nite speed, particles in the hot and cold space do not have enough time
to exchange heat with the hot and cold wall, respectively. Therefore, the expansion and
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Coil

Piston
Magnet

Spring

Spring

Bounce space

Regenerator Hot wallCold wall

Z

Z

N

N

Insulation

Cold space

Mechanical displacer

Hot space

Figure 1.4 – Physical arrangement of the piston-displacer free-piston Stirling engine [47, p. 261].

compression in the hot and cold spaces is really more close to adiabatic than to isothermal,
resulting in a lower thermal e�ciency. Many other practical problems arise when one starts
designing a real Stirling engine, and the result will be a design in which a trade-o� has been
made among several loss mechanisms, such as �ow friction loss in the regenerator and heat
exchangers, friction loss at the piston walls, �nite temperature di�erence conduction losses
and many others.

The physical arrangement of the Stirling cycle of Figure (1.2) requires two piston drives.
A more common con�guration in modern Stirling systems is a concentric one in which the
piston and displacer are in the same cylinder [47, p. 261]. Figure (1.4) shows a schematic of
this con�guration. In this arrangement, the gas is pushed through the regenerator by the
mechanical displacer. When the displacer moves to the right, gas �ows from the hot space
to the cold space and vice versa. In this arrangement, only one piston is responsible for
compression and expansion of the gas.

The free-piston Stirling engine di�ers from the conventional Stirling engine in another
aspect. Where the movement of the piston and displacer in conventional Stirling engines is
kinematically controlledwith crankshafts and rods, themovement in the free-piston Stirling
engine is dynamically controlled and is based on proper choices of the masses and spring
constants, such that the Stirling cycle phasing is obtained. Kinetic energy of the piston and
displacer is cyclically stored and released with – gas – springs. Moreover, the gas behind
the piston functions as an extra “spring” by cyclically compressing and expanding. Ameans
to extract power is shown by the coil and magnets. The movement of the power piston
generates electromagnetic induction which results in an alternating voltage in the coil.

Since the working gas itself can both be “massy” and “springy”, the question arises if
it is possible to replace the displacer with an equivalent system of working gas only. The
answer is: yes. These engines are called thermoacoustic Stirling heat engines [2] (TASHEs),
and they are the main topic of this research. To understand the operation of thermoacoustic
Stirling engines, �rst an introduction to thermoacoustics is necessary.



1

6 Chapter 1. An introduction to thermoacoustic systems

Adiabatic cycle Engine cycle Refrigeration cycle

TTT

sss

ppp

vvv

Qin

Qin

Qin

Qin Qout

Qout

Qout

Qout

Figure 1.5 – T − s and p − v diagram of an acoustic wave for three situations. Left: adiabatic acoustic
wave. Middle: acoustic power generating cycle. Right: heat pumping cycle.

1.2 Thermoacoustics

Thermoacoustics (TA) is the �eld of acoustics in which heat conduction and entropy va-
riations play a role [35]. An introduction to thermoacoustics starts with an introduction
to acoustics, which is the �eld of research of sound, including its production, transmission
and e�ects [31]. Sound is a type of mechanical energy in the form of the movement of �uid
particles. The movement of �uid particles results in pressure variations which propagate
through the �uid with a �xed speed; the speed of sound. Sound can be created by forcing
the �uid particles into motion, for example by a moving (vibrating) structure. The mechan-
ical energy of the moving structure is transformed into acoustic energy, or sound. This also
works in the opposite direction. In that case, the acoustic pressure variations of particles
push on the surface of a solid structure, such as a microphone membrane, or on our ear
drums, which is the way we experience sound in daily life.

When the pressure in a gas increases adiabatically, the temperature of the gas also in-
creases. Hence, the pressure oscillations due to sound waves, like those of speech, are cou-
pled with a – generally small – temperature oscillation. For moderate amplitudes of the
wave in the audible frequency range, pressure oscillations can be regarded as isentropic.
However, close to a rigid wall, these acoustic temperature changes cause a temperature
di�erence with the adjacent wall, causing heat transfer to occur with the wall. This layer
of gas in contact with the wall is called the thermal boundary layer, with thickness (δκ)
typically of order ∼10−4m [41, p. 7]. On the other hand, if the temperature of the wall
increases, this causes heating of the thermal boundary layer. This last e�ect can be used
in the following way. Suppose an acoustic pressure oscillation causes compression and ex-
pansion of the �uid. Then, also the particles close to the adjacent wall are subject to this
pressure change. If one then would be able to prescribe the wall temperature, such that the
temperature is high at the moment of highest pressure, heat would �ow from the wall to the
acoustic boundary layer, causing the �uid to expand. Then if one would make the wall cold
at the moment the pressure is lowest, a little less heat would �ow from the acoustic medium
back into the wall and the �uid would contract. Hence, the �uid performs a thermodynamic
cycle. Figure (1.5) shows schematically what happens during such an “acoustic cycle” for
three di�erent situations. On the left the p-v diagram of normal adiabatic compression and
expansion is shown. The middle two diagrams show the engine cycle as was just described.
The two rightmost diagrams show what happens if the cycle is reversed. In this case heat
is absorbed at low temperature and released at high temperature, so heat is pumped.
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Bulb Narrow tube

Figure 1.6 – Sondhauss’s tube. When the transition between the bulb and the narrow tube is heated, the
glass starts to “sing”: a single frequency tone is emitted from the open end of the narrow tube.

When the work done by the thermodynamic cycle overcomes the losses present in a
system, a spontaneous oscillation of the gas begins. This e�ect was encountered by glass
blowers, when a bulb is blown on the end of a narrow tube. The situation is shown in
Figure (1.6). When the bulb is connected to the tube and both are cooling down, a single
frequency tone is emitted from the open end of the narrow tube [14]. Spontaneous gas
oscillations of this form were studied by Sondhauss in 1850 [38]. A similar type of sponta-
neous oscillation was discovered by Taconis [43], when the open end of the tube is cooled,
instead of the closed end being heated. Merkli and Thomann demonstrated the reverse
thermoacoustic e�ect: cooling of the resonator cylinder wall using a standing wave [25].

Other forms of thermoacoustic instabilities are �ame-induced, such as “singing �ames”
[32], and the Rijke tube [33], in which a heated wire mesh drives acoustic oscillations us-
ing natural convection [15]. Flame-induced thermoacoustic instabilities are often unwanted
and can cause severe problems in combustion systems such as gas turbine burners, indus-
trial furnaces and domestic boilers. The oscillation amplitude can become so large that the
combustion system can be damaged, or even destroyed [21].

Lord Rayleigh was the �rst to give a qualitative description applicable to all these phe-
nomena. He made the well-quoted statement [24, p. 226]

“If heat be given to the air at the moment of greatest condensation or taken from
it at the moment of greatest rarefaction, the vibration is encouraged.”

This is nowadays known as the Rayleigh criterion. Note that it only states that the vibration
is encouraged. An instability occurs only when the encouraged vibration overcomes the
losses [49].

Standing wave thermoacoustic systems

Instead of changing the local wall temperature, in thermoacoustic engines such as the
Sondhauss tube, heat addition and subtraction to a �uid particle is achieved by displacing
the particle to places where the wall temperature is higher or lower, respectively. Suppose
a �uid particle is adjacent to a wall with a temperature gradient. Then, if such a particle
would move in the direction of increasing wall temperature, heat would �ow from the wall
to the �uid particle. Similarly, if the particle would move in the direction of decreasing
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1-2: Adiabatic compression, movement

2-3: Heating

3-4: Adiabatic expansion, movement

4-1: Cooling

Figure 1.7 – Schematic picture of the thermodynamic cycle of a standing wave thermoacoustic engine, and
of the Sondhauss tube. The dashed lines denote the particle in the “old con�guration.” The colored bar
denotes a piece of wall with a temperature gradient, where red is hot and blue is cold.

temperature, the wall is colder than the particle and heat would �ow from the particle to
the wall. This is schematically shown in Figure (1.7). Again, if compression takes place
before heat addition, and expansion before cooling, a thermodynamic cycle is performed by
the �uid particles. Because the compression and movement need to be in phase, a standing
acoustic wave is required for this cycle. An essential feature of the cycle is the time delay
between compression/movement and heat communication with the wall, which is estab-
lished by a “weak” thermal contact between the �uid particles and the wall. This will be
further discussed in Sec. (1.3).

In the Sondhauss tube, the only gas that performs the thermodynamic cycle is the gas
in the thermal boundary layer in the vicinity of the wall. The amount of gas participating
in the cycle can be increased by introducing a stack of plates, which is simply called a stack.
This increases the e�ective surface area between solid and �uid, and as such increases the
amount of gas that performs a thermodynamic cycle. Figure (1.8) shows a schematic dia-
gram of a standing wave thermoacoustic system, which can both be an engine and a refrig-
erator/heat pump. In the case of a refrigerator/heat pump, the driver generates a standing
acoustic wave in the system. This standing wave moves the particles in the stack, which

Resonator Stack
Cold HX

Hot HX

Driver/Alternator

Figure 1.8 – Standing wave thermoacoustic system.
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transport heat from left to right, such that a temperature di�erence is generated between
the cold heat exchanger (HX) and the hot HX. If the system runs as an engine, heat is added
to the hot HX, while the cold HX is kept at a constant temperature. This creates a tempe-
rature gradient across the stack. This temperature gradient drives the thermodynamic cycle
that generates acoustic power, which is absorbed by the alternator and used to create, for
example, electrical power (see also Figure (1.4)).

Applications of these thermoacoustic systems are thermoacoustic engines, and refriger-
ators/heat pumps. If a thermoacoustic refrigerator is coupled with a thermoacoustic engine,
all moving parts can be eliminated. An example is the solar-powered thermoacoustically
driven thermoacoustic refrigerator (TADTAR) [1]. Several successful research e�orts have
been undertaken to build useful devices with this technology. An overview of previous
research and design e�orts can be found in the thesis of Tijani [44]. The most important
advantages are no or a minimal number of moving parts, resulting in a high reliability and
low maintenance costs. Other advantages are the use of environmentally friendly working
gases (helium, argon), and inexpensive parts due to the absence of close tolerances in the
design.

Standing wave thermoacoustic systems do have a disadvantage, which is the low ef-
�ciency due to the irreversible Brayton thermodynamic cycle. This cycle can only reach
Carnot e�ciency in the limit of no power output [50]. Furthermore, the phase delay in the
transfer of heat requires a �nite temperature di�erence, which introduces irreversibilities
in the heat transfer between the wall and the �uid.

1.3 The thermoacoustic Stirling heat engine

Amajor step forward in the development of thermoacoustic systems was the combination of
the thermodynamically advantageous Stirling cycle with the previously described practical
advantages of standing wave thermoacoustic systems. The major research insight came
from Ceperley [10, 11]. He discovered that a traveling acoustic wave �owing through a
Stirling engine regenerator subject to an imposed temperature gradient actually performs
a regenerative thermodynamic cycle similar to the Stirling cycle.

In a traveling acoustic – plane – wave, the acoustic pressure oscillation and the velocity
are in phase. As discussed in Sec. (1.1), in an engine regenerator perfect thermal contact is
desirable. This can be obtained when the size of the pores is much smaller than the thermal
boundary layer thickness. This is contrary to a standing wave engine, whose operating
principle relies on a time delay in the heat transfer induced by a poor thermal contact.

When the thermal contact in a regenerator is perfect, the temperature of the �uid parti-
cles is the same as the local regenerator material temperature. As a temperature gradient is
imposed across the regenerator, movement of a particle means instantaneous heating and
cooling of the subjected particle. Figure (1.9) shows the particle pressure, velocity, tempe-
rature and position of a particle in a regenerator subject to a sinusoidal traveling acoustic
wave. As the pressure and velocity are in phase, the position of the particle lags the pressure
with a quarter of a period. As shown in the articulated steps in the �gure, this results in a
thermodynamic cycle. A closer inspection reveals that the articulated cycle is not a Stirling
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Figure 1.9 – Schematic diagram of a �uid particle oscillating in a regenerator subject to a temperature gradi-
ent, with the higher temperature rightwards. The bottom schematic shows the di�erent phases “articulated”,
such that the underlying thermodynamic cycle is exposed.

cycle, but a closely related cycle called the Ericsson cycle [47], since the two isochoric heating
steps are replaced with isobaric heating steps. Nevertheless, if the two isobaric steps cycle
all heat in the regenerator, the cycle is thermodynamically reversible and the e�ciency
equals the Carnot e�ciency.

At the end of the 1990s, the �rst succesfully running thermoacoustic Stirling heat en-
gine was designed and built by Backhaus and Swift [2, 3] at Los Alamos National Laboratory
(LANL), USA. Figure (1.10) shows the topology of this TASHE. A traveling wave phasing in
the regenerator is achieved using an acoustic feedback network, consisting of an acoustic
compliance and inertance. Together with the compliance, the resonator dictates the funda-
mental oscillation frequency. A load is present in the form of a resistive valve, with which
the generated acoustic power can be extracted or dissipated. The engine of Backhaus and
Swift has reached a thermal-to-acoustic e�ciency of 30%, which corresponds to 41% of the
Carnot e�ciency for the chosen operating temperature. After this successful introduction
of the TASHE, many following research e�orts have led to a variety of designs. An exam-
ple is the 4-stage traveling wave thermoacoustic system of De Blok [6], which combines
4 regenerators in one system. This system can run at a minimum temperature di�erence
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Compliance

Inertance

Regenerator

Resonator

TBT

FS
Load

Cold HX

Hot HX

Figure 1.10 – Schematic topology of the thermoacoustic Stirling heat engine of Backhaus and Swift [2, 3].
The arrows denote the direction of acoustic power �ow. TBT stands for thermal bu�er tube, and FS stands
for �ow straightener.

of only 30K and is suitable for running on industrial waste heat. Another example is the
cascade thermoacoustic engine of Gardner and Swift [16], which combines a standing wave
and a traveling wave heat engine. This con�guration has the major advantage that Gedeon
streaming (see Sec. (1.4)) is eliminated.

1.4 The research project

The goal of the research project, of which this thesis is a part, is to enable a small-scale
(∼1kW) and low-cost thermoacoustic Stirling engine Generator (TASEG), which produces
electricity from externally supplied heat [51]. The electricity generation from acoustic
power is done with linear electrodynamic alternators like that schematically shown in Fig-
ure (1.4). The applications in mind are, for example, micro-combined-heat-and-power units
for domestic purposes, and range extenders for electrical cars. The project is a joint e�ort
of the University of Twente2 with industrial partners Ne�t B.V.3, and Aster Thermoakoesti-
sche Systemen4, subsidized by Agentschap NL5. Together with the Laboratory of Thermal
Engineering, the Laboratory of Applied Mechanics of the University of Twente focuses on
solving the more fundamental research questions related to the �uid domain of the TASEG.

Despite the inherent advantageous properties of the TASEG, such as its high reliabil-
ity and potentially high e�ciency, exploiting these properties for small-scale applications
requires a deliberate design. This design can only be done with a good understanding of

2Website URL: http://www.utwente.nl
3Website URL: http://www.nefit.nl
4Website URL: http://www.aster-thermoacoustics.com
5Website URL: http://www.agentschapnl.nl
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the complex thermodynamic and �ow processes present in thermoacoustic systems. Hence,
computer models of the TASEG are required, which accurately simulate the physics in the
system. Moreover, computer models are useful for optimization of the design, because the
feedback on design decisions is much faster with simulation results than with experimental
results of built TASEG prototypes.

Prior to this research project, a prototype TASEG was built as proof that the technology
is suitable for small-scale power generation. From this experience, it is found that there are
quite a few uncertainties in the performance of the system. These uncertainties are due to
the limitations of the used design tools, but also due to physical mechanisms which are not
fully understood, from both a qualitative and a quantitative perspective. Focusing on the
�uid domain of the TASEG, a small overview is given of topics that require special attention:

Acoustic streaming and turbulence

Acoustic streaming is a time-average �uid mass �ux induced by the presence of an acou-
stic wave [22]. This streaming has adverse e�ects in thermoacoustic systems because the
temperature di�erences in these systems allow the mass �ow to transport enthalpy. This
occurs, for example, in the thermal bu�er tube (TBT), which is the region right below the
hot HX in Figure (1.10). The function of the TBT is to insulate the hot HX, such that the
heat leak in the downward direction is minimized. However, if streaming is present in the
TBT, the hot and cold areas are mixed, which results in a larger heat leak from the hot heat
exchanger, which decreases the e�ciency of the device. Acoustic streaming in the TBT can
be counteracted with a small taper angle in the TBT [27]. However, at high amplitudes it is
shown that this does not work well anymore because the �ow becomes (weakly) turbulent,
which breaks down the theoretically expected streaming pro�les.

Gedeon streaming

In thermoacoustic Stirling systems containing a closed loop, as shown in Figure (1.10), a
time-averaged mass �ow can circulate around the loop. That is, if no counter measures are
taken to suppress it. This mass �ow is called Gedeon streaming [18], named after the dis-
coverer. The direction of the streaming is the same as the direction of the acoustic power
�ow, so it transports heat from the hot HX around the loop to the cold HX. As derived by
Backhaus and Swift, the associated heat leak for helium is approximately 2.5 times the de-
livered acoustic power [3]. Hence, if Gedeon streaming is not suppressed an impermissible
toll in performance has to be paid.

Several means can be used to suppress Gedeon streaming. For example, an elastic
membrane can be used [45], which is acoustically transparent, but physically stops a time-
averaged mass �ow. A disadvantage of this solution might be the low lifetime of this mem-
brane, which can fail as a result of stress fatigue. A solution which does not require any
moving parts is a so-called jet pump [42]. This is a device which generates a �ow in the
opposite direction with the net result of canceling out the Gedeon streaming. The jet pump
working principle is based on an assymmetry in �ow losses. When the – oscillating – �ow
is in the negative direction, the pressure drop is di�erent from the pressure drop when the
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�ow is in positive direction. This results in a net time-averaged pressure drop, which is the
driving force for a time-average �ow in the opposite direction of the Gedeon streaming.
This way, the net mass �ow around the loop is canceled. Due to the introduced resistance,
both of these solutions introduce additional power loss, however, the e�ciency gain due to
the cancellation of Gedeon streaming makes them worth the e�ort.

Numerical and experimental research is being conducted at the University of Twente on
the performance of these jet pumps [29].

Heat exchanger performance

Heat transfer in heat exchangers for unidirectional �ow is a well-understood process, de-
scribed in standard text books on heat transfer, for both laminar and turbulent �ow. For os-
cillating �ow, however, this is not the case. For example, due to the oscillating �ow in heat
exchangers, increasing the length of the heat exchanger does not always result in more heat
transfer from the exchanger to the working �uid [17]. Poorly functioning heat exchangers
reduce the e�ciency of the system by introducing a high temperature di�erence between
heat exchangermaterial andworking gas, which decreases the e�ective temperature span of
the TA system, thereby decreasing the e�ciency. On the other hand, heat exchangers with
more heat exchange area than required introduce unnecessary visco-thermal dissipation.

High amplitude motion and harmonics generation

To obtain a reasonable volumetric power density, thermoacoustic engines are often run at
high drive ratios. The drive ratio is de�ned as the ratio of pressure oscillation amplitude to
the mean pressure in the system. The power output of a system at constant mean pressure
is approximately proportional to the drive ratio squared [40], and drive ratios as high as
10% are no exception. High amplitudes result in nonlinear e�ects, such as the generation
of higher harmonics and wave steepening, possibly leading to shocks [12]. The process of
harmonics generation is the result of the nonlinearities in the governing equations of �uid
dynamics, as well as the nonlinear pressure-density coupling in adiabatic compression and
expansion [20]. Due to the unfavorable phasing of the higher harmonics in the stack or
regenerator, these higher harmonics are generally dissipative. Hence, they can be regarded
as an additional dissipative load on the system.

Besides these “global” nonlinearities, local nonlinearities are also present in the system.
For example, at the transition from the hot HX to the TBT, temperature harmonics can be
generated due to the sudden change from a near isothermal compression/expansion in the
HX to near adiabatic compression/expansion in the TBT [19]. This results in temperature
discontinuities at the interface between the components [7]. Moreover, transitions from
near isothermal to near adiabatic compression/expansion lead to so-called adiabatic loss [4,
37]. When gas particles that exit the hot HX at a pressure below the maximum pressure,
these particles adiabatically compress further outside the hot HX. Then, when the �ow re-
verses, these particles re-enter the hot HX at a higher temperature than the HX surface
temperature. This results in lost work due to irreversible heat conduction. The same mech-
anism occurs at the cold HX.
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Flow losses in compact geometries

In a small-scale TASEG, the compact geometry results in less subtle changes in the direction
of the �ow (besides the oscillatory change in direction of the �ow). For example, in a bent
tube, this leads to the generation of vortical structures [39] which contribute to the viscous
dissipation of the acoustic wave [28]. Abrupt changes in the geometry lead to �ow losses
and periodical vortex shedding [30], which is bene�cially used in a jet pump, but generally
in�uences the performance negatively.

The design of the earlier described prototype TASEG was done using the linear ther-
moacoustic theory of Swift and Rott [34, 40] as implemented in a free for public use com-
puter code developed at LANL, called DeltaEC [48]. DeltaEC is a widely used code with
an extensive amount of features included to design actual thermoacoustic Stirling systems.
Using the results of linear thermoacoustic theory, DeltaEC can predict performance param-
eters, such as acoustic/electric power output and e�ciency. However, as this code uses
one-dimensional and linear models, it has some inherent limitations. Therefore, the design
process needs to be assisted with additional models and tools.

One such tool is computational �uid dynamics (CFD). With CFD the full three-dimen-
sional governing equations of �uid dynamics are discretized and numerically solved. Both
free for public use, as well as commercial software packages, are available to do this job.
The method is able to expose the tiniest details of the �uid �ow. However, the applicability
of CFD is restricted due to the required computational cost. In 2014, modeling of a thermo-
acoustic engine from start-up to steady-state still required a super computer or computing
cluster to keep the computation (wall clock) times manageable [36]. Therefore, CFD can
be used for the design, however, this requires one to take into account smaller computatio-
nal domains, such that only the interesting part of the domain is modeled. Yet subdomain
modeling of unsteady �ows is di�cult due to the application of subdomain boundary con-
ditions which are often stated in the frequency domain, while the numerical scheme of CFD
is stated in time domain. Currently, research is being conducted at the University of Twente
on the use of CFD for implementation of impedance boundary conditions in CFD [8].

Somewhere in between full three-dimensional CFD and the linear thermoacousticmodel
of DeltaEC is a one-dimensional nonlinear model. A one-dimensional model solves aver-
aged governing equations for only one spatial direction. Closure terms for the interactions
along the perpendicular directions are provided from additional models, either theoreti-
cally or experimentally obtained. When computers entered the stage for industrial use, this
method (in Stirling modeling terminology called a “nodal method”) was the state of the art
for modeling engines and refrigerators [47]. As such, this method can rely on about 50 years
of experimental work.

In thermoacoustic systems, full three-dimensional e�ects often have only local in�u-
ences, such that for the majority of the system components a one-dimensional model will
su�ce. Local three-dimensional e�ects can be taken into account by using additional mod-
els. An example of a one-dimensional computer code is Sage6.

6Website URL: http://www.sageofathens.com
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1.5 Objective and scope of this thesis

The main objective of the research described in this thesis is the development of math-
ematical and numerical modeling techniques for thermoacoustic systems, both to better
understand the behavior, and to predict and optimize the performance when designing new
TA systems. Within this main objective, two contributions are made:

Development of a heat transfer model for parallel-plate thermoacoustic heat ex-

changers. In the initial stage of the design of TA systems, fast computational models are
required and one-dimensional codes such as DeltaEC are used to create an initial design of
the acoustic topology. In this initial design, estimations on the heat exchanger performance
must be made. However, the parallel-plate heat exchanger model of DeltaEC is regarded
by some as the weakest aspect of the software [46]. In Chapter (3), a new heat exchanger
model is derived for parallel-plate TA heat exchangers. This model can be used in the one-
dimensional and second order thermoacoustic theory framework (such as implemented in
DeltaEC). The model is valid for low-amplitude oscillations i.e. when the particle displace-
ment amplitude is still small compared to the heat exchanger length. It should be noted that
this is often still the case in TA systems running at full load. The model is implemented in
an in-house linear thermoacoustic code [52], which uses an extension of the transfer ma-
trix method (acoustic two-ports) [26, p. 119] for both the acoustic- and the second order
heat equation [41, p. 194]. This code is developed as part of this PhD work and has similar
capabilities as DeltaEC.

Development of a one-dimensional nonlinear TA model with low computational

cost. To compute the periodic steady-state of a TA system, a time domain code needs to
integrate the equations from the initial disturbance to the �nal saturation amplitude. Even
for a one-dimensional model, this takes a considerable amount of computation time, as the
number of cycles to reach periodic steady-state is on the order of 100. To omit the com-
putation of this initial transient, a method needs to be developed to directly compute the
periodic steady-state of a dynamic system. The development of such a method is explained
in Chapter (4), where it is applied to solve the classical problem [20, p. 66] of nonlinear
plane progressive acoustic waves. In Chapter (5) the method of Chapter (4) is applied to
a one-dimensional thermoacoustic model. A demonstration is shown, where the periodic
steady-state of a standing wave thermoacoustic engine is simulated.

The foundation of the used mathematical models of Chapters (3) and (5) are laid out
in Chapter (2). Finally, in Chapter (6), the conclusions from the individual chapters are
summarized and recommendations for further research are given. As Chapters (3),(4) and
(5)were originallywritten as journal contributions, the author apologizes for a small overlap
in the content.
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chapter 2

ONE-DIMENSIONAL THERMOACOUSTIC THEORY

In this chapter, the mathematical modeling of thermoacoustic systems using one-dimensional theory

is explained. This chapter is supposed to serve as a common basis and reference for the work described in

Chapters (3) and (5).

2.1 Outline

The next section starts by presenting the governing equations, including the constitutive
equations for the working gas and the solid in a TA system. The governing equations will
be made dimensionless in Sec. (2.3). The dimensionless form of the governing equations is
bene�cial for the subsequent scaling analysis. However, for modeling of real systems, a di-
mensional form is more easy. Therefore, starting in Sec. (2.5), the equations are transformed
back into their dimensional equivalent form.

An important simpli�cation of the governing equations is made in Sec. (2.4), which is
based on the preferred direction of motion due to the geometry of the segments in thermo-
acoustic systems. The required assumptions for this simpli�ed model are all put under the
common denominator long pore approximation, where a pore is a �uid channel with a small
aspect ratio, which is the cross-sectional length scale divided by the pore length.

The governing equations can be linearized for small oscillation amplitudes. This is done
in Sec. (2.5). In itself, linearizing the governing equations is not useful, because in thermo-
acoustic systems the interest lies in the nonlinear e�ects of �nite amplitude waves, such
as power and e�ciency. However, the linear model is also the �rst step of a perturbation
expansion of the governing equations in the acoustic Mach number. Taking this expansion
to second order, the time-averaged e�ects of a �nite amplitude wave can be estimated. Ex-
panding the model to second order is the subject of Chapter (3). The linear thermoacoustic
model can also be used to determine the stability limit of a thermoacoustic engine, which
is important as it will tell whether a TA engine will run or not.

For higher oscillation amplitudes, nonlinear e�ects become important and have to be
taken into account. In Sec. (2.6), a nonlinear one-dimensional thermoacoustic model will be
derived. This model will be used in Chapter (5) to simulate the periodic steady-state of a
standing wave engine.

2.2 Governing equations

The motion and state of a �uid are described by conservation of mass, momentum and en-
ergy, collectively called the governing equations for �uid dynamics. The governing equa-
tions are given in conservative vector form notation, assuming a Newtonian and thermally
perfect gas. For a derivation of these equations, the reader is referred to the book by Bird,
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Stewart and Lightfoot [4], or Landau and Lifshitz [13], or any other standard work on �uid
mechanics. Body forces, such as the gravitational force, bulk viscosity and thermal radia-
tion are all neglected. All dependent variables are a function of time (t) and position (x)
in a (yet unde�ned) reference coordinate system. For brevity, these dependencies are not
stated in the equations, unless explicit attention is drawn to a dependency. The continuity
equation is

∂ρ

∂t
+∇ · (ρu) = 0, (2.1)

where ρ is the density of the medium and u is the local (Eulerian) velocity vector. ∇ is the
gradient operator and ∇· takes the divergence of its operand. The momentum equation is

∂(ρu)

∂t
+∇ · (ρu⊗ u) +∇p = ∇ · τ , (2.2)

where p is the pressure and τ is the viscous stress tensor. The operator⊗ denotes the dyadic
product. The dyadic product of two vectors results in a second order tensor. The term
(ρu⊗ u) is referred to as the momentum �ux tensor. For Newtonian �uids, the viscous
stress tensor is

τ = µ
(

∇u+ (∇u)T − 2
3 (∇ · u)I

)

, (2.3)

where µ is the dynamic viscosity and I is the unit tensor. The superscript T denotes the
transpose operator. µ is a function of the local temperature µ = µ(T ), where T is the
temperature. For gases, the dynamic viscosity increases monotonically with temperature.
The temperature dependence of the dynamic viscosity is assumed to be a power law with
constant exponent bµ [23, p. 45]:

µ = µ0

(

T

T0

)

bµ , (2.4)

where subscript 0 denotes the reference state, for which the viscosity and temperature are
given. More accurate models can be used with cryogenic applications in mind, for example
Sutherland’s law [14]. The fact thatµ is temperature dependent results in a streaming source
term in places with strong temperature gradients, such as the thermal bu�er tube of a TA
engine or the pulse tube in pulse tube refrigerators [16].

The energy equation is

∂ρE

∂t
+∇ · (ρuH) = −∇ · q+∇ · (τ · u), (2.5)

where E is the total energy per unit mass

E = e(T ) + 1
2‖u‖

2, (2.6)

e the temperature-dependent internal energy

e(T ) =

ˆ T

T0

cv(T )dT, (2.7)
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where cv is the speci�c heat at constant density and T0 the reference temperature. H is the
total enthalpy per unit mass

H = h(T ) + 1
2‖u‖

2, (2.8)

where h is the static enthalpy per unit mass

h =

ˆ T

T0

cp(T )dT, (2.9)

where cp is the speci�c heat at constant pressure. In Eq. (2.5), q is the heat �ux. Heat
conduction can be modeled with Fourier’s law of heat conduction, which states

q = −κ∇T, (2.10)

where κ = κ(T ) is the temperature-dependent thermal conductivity. This temperature
dependence is modeled with a similar power law as Eq. (2.4):

κ = κ0

(

T

T0

)

bκ . (2.11)

The system of equations describing the gas dynamics is closed with the equation of state
for a perfect gas:

p = ρRsT, (2.12)

where Rs is the speci�c gas constant. For a perfect gas, the speci�c heats are related as
cp = cv +Rs. Helium has speci�c heats which are nearly independent of temperature [17]
(cp = 5195J·kg−1 ·K−1). For air however, the speci�c heat at constant pressure is about
10% higher at 900K than at 300K [5]. In Chapter (4) the working gas is air at ambient
conditions and in Chapter (5) helium is the working gas. As for both these situations the
speci�c heat does vary signi�cantly, the gas may safely be regarded as calorically perfect.
For the second order heat exchanger model in Chapter (3), this assumption is not necessary
and has therefore not been done.

The surrounding solid is assumed to be a non-moving rigid body, so a no-slip boundary
condition is assumed at the interface between solid and �uid, which is called the (�uid) wall:

u|wall = 0, (2.13)

The temperature in the solid Ts is governed by the heat equation

ρscs
∂Ts

∂t
= κs∇2Ts, (2.14)

where ∇2 ≡ ∇ · ∇ is the Laplacian, cs is the speci�c heat of the solid, ρs the solid’s den-
sity and κs its thermal conductivity, which is assumed to be constant. Heat can freely �ow
between solid and �uid. At the solid-�uid interface, the temperature is assumed to be con-
tinuous Ts|wall = T |wall. The normal heat �ux is also continuous at the interface:

− κ∇T |wall · n = −κs∇Ts|wall · n, (2.15)
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r2
r1

x

Solid
Fluid

Sf

Ss

Πn

L

Figure 2.1 – Schematic drawing of the considered geometry. The transverse direction vector is r =
(0, r1, r2)T with associated length scale rh,0. The axial length scale is x, with associated length scale
L. Sf (x) is the local cross-sectional area �lled with �uid and Ss(x) the cross-sectional area part occupied
with solid.

where n is the unit normal vector pointing from the �uid into the solid. In case the length
scale of the solid is much larger than the thermal boundary layer thickness in the solid, and
the ratio of “thermal inertia” (square of ratio of thermal e�usivity), is

ρcpκ

ρscsκs

≪ 1, (2.16)

then temperature changes in the solid on the time scale of the acoustic oscillations may be
neglected [22]. In that case the solid can be assumed to be a perfect (temporary) bu�er for
heat. In Chapters (3) and (5) the temperature at the interface (wall) is called Tw.

2.3 Dimensionless governing equations

In this section, the governing equations are made dimensionless by scaling the dependent
variables. Moreover, the coordinates are split into the wave propagation direction and
the transverse direction. This allows for introducing the speci�c approximations done in
Sec. (2.4).

Figure (2.1) shows a schematic of a typical domain of interest. The domain includes
both solids and �uid. The position vector x is split into its components in the transverse
directions and the axial (wave propagation) direction as

x = xex + r, (2.17)

where x is the coordinate in the wave propagation direction, ex is the unit direction vector
in this direction, and r the position in the transverse direction. As a result, the component
of r in the direction ex is zero. Applying this decomposition, the local velocity of the gas
can be written as

u(x, t) = u(x, t)ex + v(x, t), (2.18)
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rh = y0 rh = a rh(x) = R(x)/2

r2

r1

R(x)

Parallel plates Square pores Free tube

2y0
2a

2a

Figure 2.2 – Drawing of three cross-sectional shapes with the corresponding de�nition of the hydraulic
radius (rh). The gray area in the tubes represents solid. For the free tube, the hydraulic radius changes as
a function of axial position (x). For the left and middle case, the hydraulic radius and porosity is constant
along x, although the total cross-sectional area can be a function of x.

where u is the velocity (scalar) in the wave propagation direction and v the velocity (vector)
in the transverse directions.

The cross section of the domain has a total cross-sectional area S(x), of which the part
occupied by the �uid is Sf (x) ≡ φ(x)S(x), where φ is the position-dependent porosity,
which is assumed to be 0 < φ ≤ 1. Hence, the cross-sectional area part occupied by the
solid is Ss(x) ≡ (1− φ(x))S(x). The contact area between �uid and solid at the wall per
unit of length is denoted byΠ , which is also called the wetted perimeter (dimensions inm).

Figure (2.2) shows examples for the shape of the cross section. In the case of the left and
middle con�guration, �uid �ows through separate channels, which are called pores. The
hydraulic radius is a measure for the �uid’s cross-sectional length scale. It is de�ned as

rh = Sf/Π. (2.19)

The �uid �ow in all pores is assumed to be the same. Therefore, a single reference pore
can be used as a representative for the total cross section. For example, the cross-sectional
average of a quantity can be computed as:

1

Sf

ˆ

Sf

· · · dS =
1

Sf,single pore

ˆ

Sf,single pore

· · · dS. (2.20)

From now on, for area-averaging over the �uid cross section the abbreviated notation 〈· · · 〉
will be used.

The geometry of Figure (2.1) introduces two length scales: L and rh,0. L is used as the
length scale for the wave propagation direction (x) and the reference hydraulic radius rh,0
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is used for the transverse direction (r). The physical quantities are scaled according to

t̂ = ω0t , x̂ = x/L , r̂ = r/rh,0 ,

T̂ = T/T0 , p̂ = p/p0 , ρ̂ = ρ/ρ0 ,

û = u/u0 , v̂ = v/u0 , κ̂ = κ/κ0 ,

µ̂ = µ/µ0 ,

(2.21)

where the subscript 0 denotes the physical quantity at a chosen reference condition. As
such, u0 is a measure for the velocity in the system. The time is normalized with ω0, which
is the reference oscillation frequency (in rad·s−1).

Using the scaling de�nition of Equations (2.21), the gradient operator is written in terms
of the dimensionless gradient as

∇ = r−1
h,0∇̂ ≡ r−1

h,0

(

∇̂T + εex
∂

∂x̂

)

, (2.22)

where ε is the aspect ratio

ε =
rh,0
L

, (2.23)

and ∇̂T is the dimensionless gradient operator in transverse direction only. Applying the
scaling to the continuity equation yields

k0
M

∂ρ̂

∂t̂
+ ε

∂ρ̂û

∂x̂
+ ∇̂T · (ρ̂v̂) = 0, (2.24)

where M = u0/c0 is the reference acoustic Mach number, in which c0 is the reference
speed of sound. k0 is called the reference reduced frequency [24]:

k0 =
ω0rh,0
c0

. (2.25)

The momentum equation is split in the di�erent directions. The dimensionless momentum
equation in x̂-direction is

k0M
∂ρ̂û

∂t̂
+M2∇̂ · (ρ̂ûû) + ε

γ

∂p̂

∂x̂
=

Mk0
s20

(

∇̂ · τ̂
)

x, (2.26)

where

τ̂ = T̂ bµ

(

∇̂û+
(

∇̂û

)

T − 2

3

(

∇̂ · û
)

I

)

, (2.27)

in which
û = uex + v̂, (2.28)

which is the full dimensionless velocity vector. The subscript x in Eq. (2.26) denotes the
component in the x-direction. In Eq. (2.27), the relation for the dynamic viscosity (Eq. (2.4))
is used. s0 is the reference shear wave number

s0 = rh,0

√

ρ0ω0

µ0
, (2.29)
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and γ = cp/cv , the ratio of speci�c heats. Scaling of the dimensionless momentum equation
in the transverse direction yields

Mk0
∂ρ̂v̂

∂t̂
+M2

[

ε
∂

∂x̂
(ρ̂ûv̂) + ∇̂T · (ρ̂v̂ ⊗ v̂)

]

+
1

γ
∇̂Tp̂ =

Mk0
s20

(

∇̂ · τ̂
)

T, (2.30)

where the subscript T denotes the components in theT-direction. The dimensionless equa-
tion of state is

p̂ = ρ̂T̂ , (2.31)

and �nally, the dimensionless energy equation becomes

∂

∂t̂

[

ρ̂

(

T̂

γ − 1
+ γM2 1

2
‖û‖2

)]

+
M

k0
∇̂ ·
[

ρ̂û

(

γ

γ − 1
T̂ + γM2 1

2‖û‖
2

)]

=
γ

γ − 1

1

Pr0 s20

(

∇̂T ·
(

T̂ bκ∇̂TT̂
)

+ ε2
∂

∂x̂

(

T̂ bκ
∂T̂

∂x̂

))

+
γM2

s20
∇̂ · (τ̂ · û), (2.32)

where Pr0 is the reference Prandtl number.
It should be noted that Eqs. (2.24)-(2.32) are still the exact dimensionless equivalents of

Eqs. (2.1), (2.2), (2.5) and (2.12).
Summarizing, the governing equations for the �uid and the constitutive equations have

beenmade dimensionless and the momentum equation has been split into two parts, one for
thewave propagation direction (x) and one for the transverse direction (T). Accordingly, the
gradient is separated into the derivative in propagation direction and a transverse gradient.
The dimensionless numbers are γ, Pr0, bµ, bκ, ε, k0, s0, and M . This is the same quantity
of dimensionless numbers as used in the governing equations for the �uid in the similitude
analysis carried out by Olson [15].

2.4 Long pore approximation

The cross-sectional dimensions of the segments in a thermoacoustic system are typically
small compared to the wavelength, which makes the wave propagation in the system es-
sentially one-dimensional. This can be used to simplify the governing equations. These
assumptions are listed below:

• The cross-sectional area is assumed to vary slowly: L
S

dS
dx ≪ 1.

• The acoustic wavelength is small compared to the cross-sectional length scale: k0 ≪
1.

• The viscous penetration depth is small compared to the acoustic wavelength: k0/s0 ≪
1.

• The velocity in transverse direction is small compared to the velocity in propagation
direction: |v̂|/|û| ≪ 1.

• Long pores: ε ≪ 1, so entrance e�ects may also be neglected.
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• The wavelength is comparable to the segment length, or longer: k0/ε ≤ 1.

• The acoustic Mach number (M ) is smaller than 10−1.

• Laminar �ow.

• The reference Prandtl number and the speci�c heat ratio are order unity: Pr0, γ ∼ 1.

Comparing the order of magnitude of the terms in the dimensionless governing equations
and taking into account the list of assumptions, the continuity and momentum equations
can be reduced to:

k0
∂ρ̂

∂t̂
+M

(

ε
∂ρ̂û

∂x̂
+ ∇̂T · (ρ̂v̂)

)

= 0, (2.33a)

k0M
∂ρ̂û

∂t̂
+M2∇̂ · (ρ̂ûû) + ε

γ

∂p̂

∂x̂
=

k0M

s20
∇̂T ·

(

T̂ bµ∇̂Tû
)

, (2.33b)

∇̂Tp̂ = 0. (2.33c)

Hence, the pressure variation in the transverse direction can be neglected. The energy
equation reduces to

1

γ − 1

∂

∂t̂

[

ρ̂
(

T̂ + γM2 1
2 û

2
)]

+
M

k0
∇̂ ·
[

ρ̂û

(

γ

γ − 1
T̂ + γM2 1

2 û
2

)]

=
γ

γ − 1

1

Pr0 s20

[

∇̂T ·
(

T̂ bκ∇̂TT̂
)

+ ε2
∂

∂x̂

(

T̂ bκ
∂T̂

∂x̂

)]

+
γM2

s20
∇̂T ·

(

ûT̂ bµ∇̂Tû
)

. (2.34)

The last term on the right-hand side of Eq. (2.34) is the only term left from the divergence
of the viscous work �ux. Due to Gauss’s divergence theorem, the average over the cross
section of this term equals zero, which means that area-averaged, the viscous work �ow
cancels out. It should be stressed that this does notmean that viscous dissipation is neglected.
Viscous dissipation is the process of transforming kinetic energy to thermal energy, as this
process does not change the total energy, the area-average of Eq. (2.34) does not include a
source term for this process.

Eqs. (2.31), (2.33) and (2.34) are the basis for a variety of models. For example, for small
sinusoidal oscillations, the classical one-dimensional linear thermoacoustic theory can be
derived from this collection of equations. This will be done in Sec. (2.5) and the resulting
equations are required in Chapter (3). By using a perturbation expansion in the acoustic
Mach number, models for Rayleigh streaming [10] can be derived and relations can be ob-
tained for the evolution of second order time-averaged quantities, such as acoustic power
and thermoacoustic streaming [20].

By area-averaging Eqs. (2.33)-(2.34), a one-dimensional nonlinear model can be derived.
This will be done in Sec. (2.6) and the resulting model is used in Chapter (5).
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2.5 Linear thermoacoustics

For small disturbances around an equilibrium state, the governing equations may be lin-
earized. This is the main assumption of the linear thermoacoustic model developed by Swift
and Rott [19, 22], which will be derived in this section. For this, the acoustic Mach number
is treated as a small quantity. A quiescent mechanical equilibrium state is assumed, but no
thermal equilibrium. Hence the mean pressure is constant, but the mean temperature can
vary in the domain. The disturbance is assumed to be harmonic in time. Based on these
considerations, the following perturbation expansion is constructed:

ρ̂(x̂, t̂) = ρm(x̂)+Mℜ
[

ρ̂1(x̂)e
it̂
]

+O(M2), (2.35a)

û(x̂, t̂) = ℜ
[

û1(x̂)e
it̂
]

+O(M), (2.35b)

v̂(x̂, t̂) = ℜ
[

v̂1(x̂)e
it̂
]

+O(M), (2.35c)

p̂(x̂, t̂) = p̂m(x̂)+Mℜ
[

p̂1(x̂)e
it̂
]

+O(M2), (2.35d)

T̂ (x̂, t) = T̂m(x̂)+Mℜ
[

T̂1(x̂)e
it̂
]

+O(M2), (2.35e)

for the dependent variables. i2 = −1 and ℜ[· · · ] denotes the real part of its argument. The

notation ℜ
[

· · · eit̂
]

is the commonly used phasor notation [23, p. 54]. The phasor notation

can be converted to real sines and cosines using

ℜ
[

· · · eit̂
]

= |· · · | cos
(

t̂+ φ
)

,with φ = phase(· · · ). (2.36)

To compute the phase angle φ, the inverse tangent of the imaginary part divided by the real
part needs to be computed.1

Themean equilibrium �eld is the zeroth order solution of the expanded governing equa-
tions, denoted with subscript m. The quiescent mean state is re�ected in the absence of a
zeroth order velocity term. Substituting Eqs. (2.35) in the dimensionless governing equa-
tions, and collecting terms up to zeroth order yields

∂p̂m
∂x̂

= 0, (2.37a)

∇̂ ·
(

T̂ bκ
m ∇̂T̂m

)

= 0, (2.37b)

p̂m = ρ̂mT̂m. (2.37c)

The zeroth order continuity equation yields a 0 = 0 identity. Eq. (2.37a) combined with
Eq. (2.33c) state that the mean pressure is constant in the domain, as is expected from the

1Inmany programming languages, a function is prede�ned which computes φ ∈ [0, 2π) for all four quadrants
of the complex plane, avoiding the singularities of arctan(· · · ). For example in Matlab, Python and C(++), this
function is called atan2.
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mechanical equilibrium assumption. The solution of Eqs. (2.37) with their boundary condi-
tions is called the mean state of the system.

The mean temperature and density �eld can be regarded as approximately independent
of the transverse direction:

T̂m(x̂) ≃ 〈T̂m〉(x̂), (2.38a)

ρ̂m(x̂) ≃ 〈ρ̂m〉(x̂). (2.38b)

The proof of Eqs. (2.38) is given in Chapter (3), but theywill be used in the current derivation.
Moreover, the area-average of the value is taken for consistence with this chapter. p̂m is a
constant in both space and time, which value can be regarded as a known quantity. Here, p̂m
is set to unity, such that the reference pressure p0 corresponds to the undisturbed pressure
in the system. Therefore 〈T̂m〉 = 〈ρ̂m〉−1.

Next, small sinusoidal disturbances of the steady quiescent equilibrium state are con-
sidered, so the expansion is taken up to �rst order. Performing the substitution, eliminating
the static enthalpy and internal energy, taking into account Eqs. (2.37), multiplying by i for
the dimensionless time derivatives and dividing out the acoustic Mach number yields

ik0ρ̂1 + ε
∂〈ρ̂m〉û1

∂x̂
= −〈ρ̂m〉∇̂T · v̂1, (2.39a)

ik0〈ρ̂m〉û1 +
ε

γ

dp̂1
dx̂

=
k0
s20

〈T̂m〉bµ∇̂2
Tû1, (2.39b)

〈ρ̂m〉
(

iT̂1 +
ε

k0
û1

d〈T̂m〉
dx̂

)

= i
γ − 1

γ
p̂1 +

〈T̂m〉bκ
Pr0 s20

∇̂2
TT̂1, (2.39c)

p̂1 = 〈ρ̂m〉T̂1 + ρ̂1〈T̂m〉, (2.39d)

where additionally, the small term

ε2

Pr0 s20

∂

∂x

[

〈T̂m〉bκ
(

∂T̂1

∂x
+ bκ

T̂1

〈T̂m〉
∂〈T̂m〉
∂x

)]

(2.40)

due to axial conduction in the energy equation is neglected.
Eqs. (2.39) describe the propagation of small sinusoidal disturbances in tubes superim-

posed on an inhomogeneous mean temperature �eld, where heat conduction and viscous

e�ects cannot be neglected. For a homogeneousmean temperature �eld
(

∇T̂m = 0

)

, these

equations reduce to an important set of equations describing viscothermal wave propaga-
tion in tubes with arbitrary cross-sectional shapes, called the low reduced frequency model
[3]. Since the phasors are complex numbers, each of the Eqs. (2.39) is actually two equations:
one for the real part and one for the imaginary part.

To �nd solutions of Eqs. (2.39), �rst the di�erential equation for û1 (Eq. (2.39b)) is par-
tially solved for a given cross-sectional geometry to �nd û1 in terms of r̂ and ∂p̂1/∂x̂.
Then the di�erential equation (2.39c) for the acoustic temperature is partially solved and
expressed in terms of û1 and p̂1. Finally, all equations are area-averaged over the �uid cross
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section and their area-averaged expressions are substituted into the area-averaged form of
Eq. (2.39a). This yields a second order di�erential equation for the acoustic pressure as a
function of x̂, 〈T̂m〉 and Ŝf (x̂), known as “Rott’s thermoacoustic wave equation.” [23, p. 91]

In order to implement the theory, further analysis in dimensional form is required. The
dimensional form is obtained by backward substitution and re-scaling of the equations. The
dimensional equivalent of Eq. (2.39b) is

iω〈ρm〉u1 +
dp1
dx

= 〈µm〉∇2
Tu1. (2.41)

Filling in the trial function

u1 = 〈u1〉
1− hν(s, r)

1− fν(s)
, (2.42)

where fν is 〈hν〉, into Eq. (2.41), and using the no-slip boundary condition u1|wall = 0, it
can be found that

〈u1〉 =
i(1− fν)

〈ρm〉ω
dp1
dx

, (2.43)

when hν satis�es the di�erential equation

ir2h
s2

∇2
Thν + hν = 0, (2.44)

where s is the local shear wave number

s = rh

√

〈ρm〉ω
〈µm〉 . (2.45)

From Eq. (2.42) the no-slip boundary condition results in the following boundary condition
for hν :

hν |wall = 1. (2.46)

The function hν describes the shape of the axial velocity pro�le as a function of the
transverse position. Both the magnitude and the phase of the velocity are a function of r.
Solutions for hν for a variety of cross-sectional geometries are derived by Arnott [2]. For
example, for parallel plates the solution for hν is

hν(s, y) =
cosh

(√
i sy/rh

)

cosh
(√

i s
) , (2.47)

where y is zero halfway between the plates and the corresponding hydraulic radius is half
the plate spacing. The corresponding fν(s) is found by taking the area-average of Eq. (2.47):

fν(s) =
tanh

(√
i s
)

√
i s

. (2.48)
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Figure 2.3 – Velocity pro�les at t̂ = 0 ( ), t̂ = 1
4
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2
π ( ) and t̂ = 3

4
π ( ) for

a parallel plate cross section at di�erent shear wave numbers. For t̂ = π, 5
4
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2
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4
π, the pro�les are

mirrored around the axis at û/〈û1〉 of t̂ = 0, 1
4
π, 1

2
π and 3

4
π, respectively.

Figure (2.3) shows the cross-sectional velocity pro�le for this parallel-plate geometry for
di�erent shear wave numbers and phases. The velocity pro�les are scaled with the area-
averaged velocity 〈û1〉 which has a reference phase of 0, so the velocity pro�le is evaluated
as

û(t̂)

〈û1〉
= ℜ

[

1− hν(s, y)

1− fν(s)
eit̂
]

. (2.49)

In the limit of s → 0, the velocity pro�le becomes parabolic and coincides with the
quadratic pro�le corresponding to the steady-state Hagen-Poisseulle solution [4, p. 51]. In
the limit of s → ∞, the pro�le corresponds to a plug �ow pro�le, with a negligible boundary
layer thickness.

As Figure (2.3) shows, the size of the viscous boundary layer is smaller for higher shear
wave numbers. It is worth noting that the velocity in the boundary layer “leads” the velocity
in the bulk in phase. Moreover, the velocity amplitude at the outside of the boundary layer
is slightly higher than in the bulk. This result seems to be counter-intuitive, because the
shear force at the wall damps the �uid motion. Literature results which show the velocity
pro�le as a function of time are rare, but Gedeon [8] shows a plot of this velocity pro�le,
which is in agreement with this result. The correctness of the model for cylindrical tube
geometries has been experimentally validated by Harris et al. [11]. In these experiments, a
similar overshoot in the boundary layer is found. More recently, the fact that the velocity
in the boundary layer leads the bulk in phase has been experimentally con�rmed with the
use of Particle Image Velocimetry by Aben [1]. Although the literature results show that



2

2.5. Linear thermoacoustics 33

Fluid Solid δκ,s δκ,0
√

ρ0cpκ0

ρscsκs

Helium (40 bar) Stainless steel 1·10−4m 1·10−4m 1·10−2

Helium (40 bar) Copper 6·10−4m 1·10−4m 2·10−3

Helium (40 bar) Kapton™ 2·10−5m 1·10−4m 1·10−1

Air (atmospheric) Stainless steel 1·10−4m 3·10−4m 8·10−4

Table 2.1 – Thermal intertia ratio for three di�erent solid-�uid combinations. δκ,s is the thermal penetra-
tion depth in the solid and δκ,0 is the reference thermal penetration depth in the �uid. The frequency for
computing the δκ’s is 100Hz and the reference temperature is 293.15K. Numbers are rounded up to one
�gure. Data for the solids and �uids is taken from [26].

the model is indeed correct, a satisfying physical explanation of this phenomenon is still
required.

For segments with varying cross-sectional area, the acoustic volume �ow phasor U1

is a more convenient quantity, because up to �rst order in the acoustic Mach number, the
volume �ow is conserved at the segment interfaces. In terms of the volume �ow, the solution
of the �rst order momentum equation is

U1 = Sf

i(1− fν)

〈ρm〉ω
dp1
dx

. (2.50)

The local velocity in the propagation direction is related to U1 by

u1 =
β

Sf

U1 , with β =
1− hν

1− fν
. (2.51)

In a similar way as the solution for u1 is obtained, the �rst order temperature pertur-
bation can be expressed as a function of the acoustic pressure and area-averaged velocity
phasor as

T1 =
α1

〈ρm〉cp
p1 + α2

i

ω

d〈T̂m〉
dx

〈u1〉. (2.52)

As the acoustic pressure and area-averaged velocity are independent of the position in the
cross section, the terms α1 and α2 are the only terms responsible for such a spatial depen-
dence. The similarity between Eq. (2.39a) and (2.39c) suggests that the spatial dependence of
the acoustic temperature has a shape which closely resembles the shapes of Figure (2.3). An
important di�erence is the boundary condition at the wall. Whereas the velocity boundary
condition is zero due to the no-slip boundary condition, the solid’s heat equation needs to
be taken into account to �nd the, in general, nonzero temperature oscillation at the wall.
However, as was explained in Sec. (2.2), when the thermal mass of the solid is much larger
than the thermal mass of the �uid, temperature oscillations in the solid, and hence on the
wall, can be neglected.

Table (2.1) shows results of the thermal inertia ratio (Eq. (2.16)) for three gas/solid com-
binations. For the three metal combinations, temperature oscillations in the solid can be
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neglected when the thickness of the metal layer is larger than δκ,s. This assumption does
not hold for stack/regenerator material such as Kapton™. For parallel plates, the �rst order
heat equation including the coupling with the solid was solved by Swift [22]. He developed
an “ideal stack correction factor”, ǫs which accounts for the e�ect of a small temperature
oscillation at the pore boundary. For parallel-plate pores ǫs is

ǫs =

√

〈κm〉〈ρm〉cp
κsρscs

tanh
(√

iPr s
)

tanh
(√

2i ℓ/δκ,s
) , (2.53)

where ℓ is the stack plates half-width and Pr denotes the Prandtl number

Pr = Pr0

(

〈T̂m〉/T0

)

bµ−bκ . (2.54)

It is assumed that, for any geometry, ǫs can be de�ned such that to �nd the temperature
distribution by solving the dimensional form of Eq. (2.39c), the T1|wall = 0 can be used.
Hence we assume that for other cross-sectional geometries, ǫs can be de�ned. In that case,
α1 and α2 are found to be

α1 = 1− hκ

1 + ǫs
, and α2 =

1− λhκ − Pr(1− hν)

(1− fν)(1− Pr)
, (2.55)

in which λ is

λ =

1 +
ǫsfν

fκ
1 + ǫs

, (2.56)

and fκ = 〈hκ〉 and hκ the solution of the di�erential equation

ir2h
Pr s2

∇2
Thκ + hκ = 0, (2.57)

subject to
hκ|wall = 1.

The functions fν and fκ are called the viscous and thermal Rott function, respectively.
For solids having κs → ∞ or cs → ∞, the ideal stack correction factor ǫs → 0. As a
consequence λ → 1. For this case, it can be shown that the acoustic temperature oscillation
at the wall T1|wall = 0.

To obtain di�erential equations for the acoustic pressure and volume �ow only, the
acoustic temperature phasor T1 can be eliminated by substituting its expression (Equation
2.52) into the continuity equation. By utilizing the �rst order equation of state, an equation
can be derived for the derivative of the acoustic volume �ow phasor:

dU1

dx
=

ωSf

iγpm

(

1 +
(γ − 1)fκ
1 + ǫs

)

p1 +
fκ − fν

(1− fν)(1− Pr)(1 + ǫs)

1

〈Tm〉
d〈T̂m〉
dx

U1. (2.58)
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It is noted that this result is exactly the same as the result of Ward et al. [26] when the mean
temperature is assumed to be constant over the cross section.

When the mean temperature distribution and the mean pressure are known, the linear
thermoacoustic theory yields two one-dimensional equations

dp1
dx

= g(ω, p1, U1, 〈T̂m〉, geometry), (2.59)

dU1

dx
= h(ω,U1, 〈T̂m〉, geometry), (2.60)

to �nd the acoustic pressure and volume �ow distribution in a thermoacoustic system. Gen-
erally, these di�erential equations need to be solved numerically. However, for the special
situation of a homogeneous mean temperature �eld, analytical solutions exist. Some solu-
tions of value for thermoacoustic systems will be shown.

Isothermal segments

Setting d〈Tm〉/dx = 0 in Eq. (2.58) and substituting the result into Eq. (2.50) results in a
frequency domain variant of Webster’s horn equation [18, p. 360] which includes losses:

1

Sf

d

dx

(

Sf (1− fν)
dp1
dx

)

+
ω

cm

(

1 +
(γ − 1)fκ
1 + ǫs

)

p1 = 0, (2.61)

where cm is the small-signal speed of sound

cm =
√

γRsTm . (2.62)

If ∣
∣
∣
∣

d(1− fν)

dx

∣
∣
∣
∣
≪
∣
∣
∣
∣

1

Sf

dSf

dx

∣
∣
∣
∣
, (2.63)

which is valid for wide pores and slowly varying cross sections, then a reference value for
fν ,fκ and ǫs can be taken, such that their dependence on x can be neglected. Applying this
assumption, Eq. (2.61) reduces to

d2p1
dx2

+
1

Sf

dSf

dx

dp1
dx

+ Γ 2
refp1 = 0, (2.64)

where

Γref =
ω

cm

√
√
√
√

1 +
(γ−1)fκ,ref

1+ǫs,ref

1− fν,ref
, (2.65)

is the wave number and subscript ref denotes a reference (position). Hence fν , fκ and ǫs
need to be evaluated at a certain reference position. Considering viscothermal damping of
the acoustic wave, a reference position should be chosen such that the reference shear wave
number is somewhere between its extremes.
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For conical tubes, the radius varies linearly with the position: r(x) = r0+αx, whereα is
the tangent of the expansion angle and r0 is the radius at x = 0. Hence, the cross-sectional
area varies as

Sf = Sf,0(1 + αx)2. (2.66)

Using Eq. (2.66), the acoustic pressure phasor is found as

p1(x) = A
e−iΓrefx

r0 + αx
+B

eiΓrefx

r0 + αx
, (2.67)

whereA andB are two integration constants that have to be determined from the boundary
conditions. For prismatic tubes, α = 0, Γ is constant and the solution for p1 is

p1(x) = Ae−iΓx +BeiΓx, (2.68)

which is known as the low reduced frequency solution [3] for visco-thermal wave pro-
pagation in tubes.

Short regenerators and stacks

Similarly, an estimate of the propagation of waves through a stack can be made. Aben [1,
p. 21] has derived a model for this. For a constant cross-sectional area, a small constant
mean temperature gradient and a short stack or regenerator (L ≪

∣
∣Γ−1

∣
∣), the following

approximate di�erential equation for the acoustic pressure can be derived

d2p1
dx2

− Fref
dp1
dx

+ Γ 2
refp1 = 0, (2.69)

where

Fref =

[

fκ − fν
(1− fν)(1− Pr)(1 + ǫs)

1

〈T̂m〉
d〈T̂m〉
dx

]

ref , (2.70)

in which again, a reference value for fκ,fν ,ǫs, etc. needs to be chosen. A good choice is to
evaluate these parameters halfway through the stack, where 〈T̂m〉 = 1

2 (TH + TL), then for
the acoustic pressure it is found that

p1(x) =

[

A exp

(

−
√

1
4F

2
0 − Γ 2

0 x

)

+B exp

(√

1
4F

2
0 − Γ 2

0 x

)]

exp
(
1
2F0x

)

. (2.71)

The acoustic power generation in the stack or regenerator and dissipation in the other seg-
ments can be estimated by evaluating [23, p. 106]

E2 =
ω

2π

2π
ω̂

t=0

p(t)U(t)dt =
1

2
ℜ[p1U∗

1 ]. (2.72)
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Discussion

Eqs. (2.67), (2.68), and (2.71), are very useful relations in the preliminary phase of the design
of a thermoacoustic system. Acoustic networks can quickly be analyzed by connecting
segments, such as a regenerator, a resonator and an inertance/compliance tube. At the
segment connections, �rst order continuity of momentum and energy demands continuity
of acoustic pressure and conservation of acoustic volume �ow, where the volume �ow can
be obtained from the acoustic pressure with Eq. (2.50). Boundary conditions are U = 0
for a wall and U1/Sf = up for a driving piston, where up is the piston velocity phasor.
Impedance boundary conditions p1/U1 = Z can be utilized to model open end, or acoustic
radiation boundary conditions.

For modeling of thermoacoustic engines, the approach is a bit di�erent. A thermo-
acoustic engine is not “driven” and therefore does not have boundary conditions where the
acoustic pressure or volume �ow is prescribed other than zero. Moreover, the oscillating
frequency is unknown and therefore part of the solution. Instead, thermoacoustic engines
are self-excited by the instability of an acoustic eigenmode. Using linear thermoacoustic
theory, the stability of acoustic eigenmodes can be determined by �nding a nonzero solu-
tion of the resulting system of equations, which satis�es all boundary conditions. This is
possible for certain ω’s, which are the acoustic eigenfrequencies. As a time response for
the acoustic pressure as p(x, t) = ℜ

[

p1(x)e
iωt
]

is assumed, ℑ[ω] < 0 yields unbounded
growth of the amplitude [9]. In reality, due to nonlinear e�ects the amplitude saturates at a
certain level, called the saturation amplitude. To �nd this saturation amplitude, nonlinear
e�ects need to be taken into account. A model which includes these nonlinear e�ects is
presented in Sec. (2.6).

As a part of this PhD work, a numerical implementation of the linear thermoacoustic
theory was built. With the code, predictions can be made of the stability limit of thermo-
acoustic engines. One-dimensional thermoacoustic segments are coupled with the boun-
dary conditions as described earlier in this section. A system of equations is created using
the transfer matrix method [7, 25]. The implementation is validated using a small atmos-
pheric traveling wave thermoacoustic demonstration device. This work is described in the
master thesis of Wilmink [28].

2.6 A nonlinear thermoacoustic model

In this section, a one-dimensional nonlinear thermoacoustic model is derived from the long
pore approximation of Sec. (2.4). This model is used in Chapter (5) to simulate the periodic
steady-state of an experimental standing wave thermoacoustic engine. The model is based
on the work of Watanabe et al. [27], Yuan et al. [29], and Karpov et al. [12]. By area-
averaging the equations obtained after the long pore approximation, a one-dimensional
model is obtained, which contains source terms for the thermoacoustic exchange of mo-
mentum and energy with the surrounding solid. The closure which is proposed, is to derive
these exchange terms from linear thermoacoustic theory. These terms will be derived �rst.
In this section, the analysis will be done in dimensional form.



2

38 Chapter 2. One-dimensional thermoacoustic theory

10−1 100 101 102
10−3

10−1

101

s

is
2
f
ν

1
−
f
ν

Figure 2.4 – Logarithmic plot of the frequency-dependent part of the viscous resistance coe�cient for par-
allel plate pores vs shear wave number (normalized frequency). The real part is ( ) and the imaginary
part is ( ).

The dimensional form of the �rst order momentum equation (Eq. (2.39b)) is

iω〈ρ̂m〉u1 +
dp1
dx

= 〈µm〉∇2
Tu1. (2.73)

Integrated over the cross section and using Gauss’s divergence theorem, this becomes

iω〈ρ̂m〉U1 + Sf

dp1
dx

= −R1, (2.74)

where the term on the right-hand side is

−R1 =

˛

Π

〈µm〉∇Tu1 · ndΠ. (2.75)

To obtain this term, Gauss’s divergence theorem has been used. −R1 corresponds to the
shear force that the wall exerts on the �uid (in N·m−1). The convention is chosen such
that, in the low-frequency limit, R is a positive number when the shear force counteracts
the �ow. Comparing Eq. (2.74) with Eq. (2.50) yields an explicit de�nition forR1:

R1 = R1U1 ≡ 〈µm〉
r2h

is2fν
1− fν

U1. (2.76)

The factor is2fν/(1− fν) inR1 depends on the frequency through the shear wave number.
Figure (2.4) shows a logarithmic plot of this factor as a function of the shear wave num-

ber for parallel-plate pores. For low frequency oscillations, the Poisseuille �ow limit dictates
that the resistance is in phase with the volume �ow, and the factor becomes nearly inde-
pendent of frequency. In Sec. (5.2) limits of R1 for low frequencies are derived for various
pore geometries. Keeping the hydraulic radius constant, for s ≥ 10, the viscous resistance
increases signi�cantly with frequency, as can be seen in Figure (2.4). Hence, higher harmon-
ics are more strongly damped compared to the fundamental frequency. Moreover, for high
frequencies the resistance coe�cient rotates in the complex plane, resulting in dispersion.
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For the �rst order energy equation, the solution for the acoustic temperature perturba-
tion can be characterized in a similar way. If the total energy equation (Eq. (2.5)) is expanded
up to �rst order, the long pore approximation is applied and the result is integrated over the
cross-sectional area, it is found that

iωcvSf (〈Tm〉〈ρ1〉+ 〈ρm〉〈T1〉) +
d

dx
(cp〈ρm〉〈Tm〉U1) = Q1, (2.77)

where

Q1 = −
˛

Π

q1 · ndΠ (2.78)

is the heat �ow from the solid to the �uid. If 〈ρ1〉 is eliminated from Eq. (2.77) by using the
area-averaged, dimensional form of Eq. (2.39a), and the result is compared with Eq. (2.52)
integrated over the cross section, Q1 is found to be

Q1 = −SfH1〈T1〉 −Q1
d〈Tm〉
dx

U1, (2.79)

whereH1 is

H1 = Sf

〈κm〉Pr
r2h

is2 fκ
1+ǫs

1− fκ
1+ǫs

, (2.80)

and Q1 is

Q1 =
〈ρm〉cp

(1− Pr)(1 + ǫs)

[

fκ

1− fκ
1+ǫs

(

1− λfκ − Pr(1− fν)

1− fν

)

− fκ − fν
1− fν

]

. (2.81)

Note that for walls with large thermal inertia λ → 1 and ǫs → 0. For that case Q1 reduces
to

Q1 =
〈ρm〉cp
1 − Pr

(

fν
1− fν

− Pr
fκ

1− fκ

)

, (2.82)

which is in agreement with the result of Karpov et al. [12, Eq. (14)].
Now, an explicit form is available for the �rst order viscous resistance and heat transfer

terms. It should be noted that the second term in Eq. (2.79) is a bit strange since it originated
from �rst order enthalpy convection in the x-direction (second term in Eq. (2.39c) on the
left-hand side), which does not have anything to do with heat exchange with the wall.
However, when a closer look is given to Eq. (2.77), using the result for Q1, the �rst order
continuity and state equation, this equation can be rewritten as

〈ρm〉cp
[

iωSf 〈T1〉+
(

1 +
Q1

〈ρm〉cp

)

d〈Tm〉
dx

U1

]

= iωSfp1 − SfH1〈T1〉. (2.83)

For an inviscid �uid, Pr = 0, fν = 0, and λ = (1 + ǫs)
−1, resulting in Q1 = 0, so Q1

originates from the viscous velocity boundary layer. It can be regarded as a correction
to the �rst order convective enthalpy �ux derivative resulting from plug �ow, which is

〈ρm〉cp d〈Tm〉
dx

U1.
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If the continuity equation is area-averaged the result is:

Sf

∂〈ρ〉
∂t

+
∂Sf 〈ρu〉

∂x
= 0. (2.84)

Similarly the area-averaged x-momentum equation yields

Sf

∂〈ρu〉
∂t

+
∂Sf 〈ρu2〉

∂x
+ Sf

∂p

∂x
= −R, (2.85)

where

R = −
˛

Π

µ∇Tu · ndΠ. (2.86)

The area-averaged energy equation results in

Sf

∂

∂t

(

p

γ − 1
+ 1

2

〈

ρu2
〉
)

+
∂

∂x

[

Sf

(

γ

γ − 1
p〈u〉+ 1

2

〈

ρu3
〉
)]

= Q+
∂

∂x

(

Sf

〈

κ
∂T

∂x

〉)

(2.87)

where

Q =

˛

Π

κ∇TT · ndΠ. (2.88)

Finally, the area-averaged state equation yields

p = Rs〈ρT 〉. (2.89)

Although Eqs. (2.84)-(2.89) are one-dimensional, they contain terms involving area-
averaged products of the dependent variables. Moreover, explicit relations for the exchange
termsR and Q are required. To assist the process of obtaining explicit relations for R and
Q and the product of area-averaged quantities, one can think of two limits. First, in the
limit of an inviscid non-conducting �uid, both R → 0 and Q → 0 and the area-average
of the product of two dependent variables equals the product of the area-averaged. Hence
〈ρu〉 = 〈ρ〉〈u〉,

〈

ρu2
〉

= 〈ρ〉〈u〉2, . . . As a result, Eqs. (2.84-2.89) reduce to the quasi one-
dimensional Euler equations. Secondly, in the limit of M → 0, the model should be con-
sistent with the linear thermoacoustic model. This is possible when a special choice for R
and Q is made. IfR is chosen as:

R(t) = Sf

∞̂

ω=−∞

R1〈ũ〉eiωtdω, (2.90)

where 〈ũ〉(ω) is the Fourier transform of 〈u〉:

〈ũ〉(ω) = F(〈u〉(t)) = 1

2π

∞̂

t=−∞

〈u〉e−iωtdt, (2.91)
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then in the limit of M → 0, the momentum equation is consistent with linear thermo-
acoustic theory. This can be proven by substituting Eq. (2.90) into Eq. (2.85), linearizing for
small perturbations and applying the Fourier transform. Note that an asymmetric Fourier
transform is used, such that

u(t) = F−1(ũ(ω)) ≡
∞̂

ω=−∞

ũ(ω)eiωtdω. (2.92)

Similarly, if Q is

Q(t) = Sf

∞̂

ω=−∞

[

H1

(

T̃w −
〈

T̃
〉)

−Q1
dTw

dx
〈ũ〉
]

eiωtdω, (2.93)

after linearizing, the energy equation reduces to the result of linear theory. Note thatR1,Q1

andH1 depend on the shear wave number, which in turn is proportional to the square root
of ω, according to Eq. (2.45). Tw is the time-average of the wall temperature, which is in the
limit ofM → 0 and taking into account Eq. (2.38a), equal to 〈Tm〉. Hence T̃w is the Fourier
transform of the time-average wall temperature:

T̃w(ω) = Twδ(ω), (2.94)

where δ is the Dirac delta function.
To make Eqs. (2.84)-(2.89) solvable, the following assumptions are applied:

〈ρu〉 ≃ 〈ρ〉〈u〉, (2.95a)
〈

ρu2
〉

≃ 〈ρ〉〈u〉2, (2.95b)
〈

ρu3
〉

≃ 〈ρ〉〈u〉3, (2.95c)
〈

κ
∂T

∂x

〉

≃ κ(〈T 〉)∂〈T 〉
∂x

. (2.95d)

as was originally proposed by Watanabe et al. [27]. In this work, it was shown, by compar-
ison with second order thermoacoustic theory (Chapter (3)), that the error introduced by
these assumptions is at maximum 20%:

max

∣
∣
∣
∣

〈ρu〉 − 〈ρ〉〈u〉
〈ρu〉

∣
∣
∣
∣
≃ 0.2, (2.96)

for segments with hydraulic radius of order δν . For tubes with rh ≫ δν and for rh ≪ δν ,
Watanabe et al. [27] show that the assumption holds well, in view of the approximations
already made using the long pore approximation and the linear theory relations for R and
Q. Moreover, in the boundary layer limit, with dTw/dx = 0, this model is consistent
with the nonlinear time domain model of Chester [6], who developed a model for resonant
oscillations in closed tubes [21].
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2.7 Discussion and conclusions

In this chapter, the long pore approximation of the governing �uid dynamic equations has
been derived. From this approximation, a linear thermoacoustic theory is derived, which
is extensively used in designing thermoacoustic systems [23]. From linear theory, segment
models can be derived which describe acoustic wave propagation through, for example,
tubes with constant cross section and regenerators and stacks with regular pore shapes.

From linear theory, exchange terms are derived for the exchange of momentum and heat
with the surrounding solid. These terms are used to model momentum and heat exchange
in the one-dimensional nonlinear thermoacoustic model. This nonlinear thermoacoustic
model is consistent with three limiting situations of one-dimensional �ow:

• Quasi 1D Euler equations

• Laminar steady pipe �ow

• Linear thermoacoustics

Themodel includes nonlinear e�ects such as harmonic generation and amplitude saturation
of the thermoacoustic instability. Moreover, the dispersive e�ects of viscous resistance and
thermal relaxation are taken into account. In addition, the thermoacoustic e�ect is modeled,
which ampli�es the wave in segments with a steep temperature gradient.

This nonlinear model is, however, not consistent with the second order heat transfer
model of Chapter (3), which is due to the essentially linear exchange terms. These ex-
change terms do not incorporate the intensi�cation of the time-averaged heat transfer by
the presence of the acoustic wave. This shortcoming will be discussed in more detail in
Sec. (5.2).

The nonlinear model can be improved by including shape functions for the transverse
variation of the dependent variables (except for the pressure). Hence, the velocity, tempe-
rature and density are described as

ρ(x, t) = 〈ρ〉(x, t)φρ(x, r, t), (2.97a)

T (x, t) = 〈T 〉(x, t)φT (x, r, t), (2.97b)

u(x, t) = 〈u〉(x, t)φu(x, r, t), (2.97c)

where the area-average of φρ,T,u is set to zero. Using the long pore approximation of the
governing equations, and a detailed scaling analysis as is done in Sec. (3.2), approximate
relations can be found for the shape functions. This is left as a recommendation for future
research.
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chapter 3

A ONE-DIMENSIONAL HEAT TRANSFER MODEL FOR PARALLEL-PLATE
THERMOACOUSTIC HEAT EXCHANGERS

A one-dimensional laminar oscillating �ow heat transfer model is derived and applied to parallel-

plate thermoacoustic heat exchangers. The model can be used to estimate the heat transfer from the

solid wall to the acoustic medium, which is required for the heat input/output of thermoacoustic systems.

The model is implementable in existing (quasi) 1D thermoacoustic codes, such as DeltaEC. Examples

of generated results show good agreement with literature results. The model allows for arbitrary wave

phasing; however, it is shown that the wave phasing does not signi�cantly in�uence the heat transfer.

3.1 Introduction

In a thermoacoustic (TA) engine, acoustic power is generated from heat [15]. This rela-
tively unknown class of heat engines is of commercial interest due to their minimal number
of moving parts and high potential e�ciency [2]. The engine core consists of a regener-
ator or stack, placed in between two heat exchangers. The heat exchangers supply and
extract the necessary heat required for the engine to execute its thermodynamic cycle. To
supply/extract the required heat, a large surface area between solid and �uid is required,
leading to relatively small pores for �uid. However, acoustic power loss due to viscous and
thermal relaxation becomes more dominant for small pores. An explanation of these dis-
sipation mechanisms can be found in the introductory article by Swift [15]. Furthermore,
minor loss phenomenon can dissipate acoustic power at the transition from narrow gaps
to wide pores and vice versa [19]. Hence the design of these heat exchangers has a large
in�uence on the performance of the engine.

In thermoacoustic heat exchangers, besides the external heating of heat exchanger solid,
the heat transfer from the solid walls of the heat exchanger to the acoustic medium is of
importance. When thermal conductivity is assumed to be constant, this “transverse” heat
transfer is proportional to the gradient of the mean (time-averaged) temperature at the wall-
�uid interface, so the time-averaged temperature pro�le in the pore has to be determined.

Mozurkewich [9] has derived a model for the time-averaged temperature distribution
in a TA stack. In this model, the second order heat equation is solved in terms of eigen
solutions, which are de�ned when the boundary conditions at the plate ends are known.
A standing wave phasing was assumed, or more restrictively, a prescribed acoustic �eld
was assumed. Piccolo [12] computed the time-averaged temperature in a parallel-plate heat

The content of this chapter is based on publication:
J.A. de Jong, Y.H.Wijnant andA. de Boer. “A one-dimensional heat transfermodel for parallel-plate thermoacoustic
heat exchangers”, The Journal of the Acoustical Society of America 135.3 (2014), pp. 1149-1158.
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exchanger (in both solid side as well as �uid side) by numerically solving the time-averaged
second order energy equation, upon a known (assumed) acoustic solution. In this work,
the full solution including the hydrodynamic enthalpy �ux in the transverse direction is
modeled.

Experimental work has focused on obtaining heat transfer coe�cients for di�erent acou-
stic Reynolds numbers and plate spacing [6, 11]. In these models, the heat transfer has been
investigated for standing waves and is expressed in terms of the Nusselt number, or the
Colburn j-factor. Since Colburn j-factors predict a Nusselt number of zero in the limit of
no acoustic amplitude, these models are less adequate in the low amplitude regime. In fact,
the heat transfer stays �nite and is governed by conduction. Wakeland and Keolian [18]
have measured the TA heat transfer coe�cient expressed in the e�ectiveness, which is the
ratio of the actual heat transfer to the maximum possible heat transfer. These derived em-
pirical correlations can be used to compute the heat transfer as a function of the acoustic
Reynolds number. In these experimental works, no attention is given to the TA interaction
of the �uid with the heat exchanger wall.

The current aim is to develop a theoretical one-dimensional (1D) heat transfer model
for heat transfer from the solid walls to the acoustic medium. Attention will be given to the
possibility of implementing the model in a (quasi) 1D TA code, such as the publicly available
DeltaEC [21]. The model should be valid for arbitrary wave phasing and moderate acoustic
amplitude, i.e. from di�usion-dominated to acoustically dominated energy �ow. It is invalid
when large-scale convection dominates the heat transfer. This is the case when the particle
oscillation amplitude has the same, or a larger, order of magnitude as the heat exchanger
length. We will show by an order of magnitude estimation, combined with an expansion of
the dependent variables in the acoustic Mach number, that the transverse heat transfer in TA
heat exchangers is dominated by heat di�usion, so the transverse hydrodynamic enthalpy
�ux can be neglected. This important result has been found by Piccolo and Pistone [13]
and it was implicitly assumed by Mozurkewich [9]. It is used in the subsequent analysis to
derive an ordinary di�erential equation for the cross-sectional averaged and time-averaged
�uid temperature for a given wall (i.e. heat exchanger wall) temperature. Viscothermal
losses can be computed as a post-processing step.

Themost important assumptions and themodeling approach are introduced in Sec. (3.2).
In Sec. (3.3), the acoustic solutions are re-derived for the case that the time-averaged trans-
verse temperature is non-constant. The model is solved for a parallel-plate geometry in
Sec. (3.4). An application of the model to a literature test case is presented in Sec. (3.5).
Finally, we end with the conclusions in Sec. (3.6).

3.2 Modeling assumptions and Mach number expansion

Figure (3.1) gives an overview of the situation for the developed model. The time-averaged
wall temperature Tw is assumed to be known. As explained in the work of Mozurkewich
[9], the wall heat transfer can be coupled to the �uid, but in this work we limit ourselves
to the �uid side heat transfer only. Although the parallel-plate situation is 2D, for future
expansion of the model we have chosen to derive the equations for an arbitrary pore shape.
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Figure 3.1 – Situation overview for the developed model. An acoustic wave is present in between the heat
exchanger plates with plate spacing 2rh and length L. The plate spacing is constant for all plates. A local
coordinate frame can be placed in between two plates. The time-averaged wall temperature Tw is assumed
to be constant in the z-direction and a prescribed function in the x-direction. Due to heat conduction, the
time-average �uid temperature will be non-constant in the y-direction. A typical time-averaged temperature
distribution Tm and x-velocity distribution u is depicted.

The derivation is started with the conservation laws for mass, momentum and energy
for a Fourier-Newtonian perfect gas, accompanied with the perfect gas law equation of
state. Body forces and heat sources are neglected. Additionally, bulk viscosity is neglected.
A suitable dimensionless form for these equations was presented in Sec. (2.3) of the previous
chapter.

This dimensionless form is helpful for estimating the relative order of magnitude of
terms in the equations.

We have assigned numerical values to some of the dimensionless parameters in the
equations of Sec. (2.3) by introducing two �ctitious TA engines. One is an engine running on
air under conditions suitable for easy experimental analysis (atmospheric conditions, low
onset temperature), while the other corresponds to a commercial application. The latter
engine uses pressurized helium (p0 = 40bar) as a working �uid. For both engines, an
estimation of the dimensionless parameters used in the model is given in Table (3.1). Some
of the parameters will be explained and used in the next section.

We assume that the dependent variables can be prescribed by a time-averaged value with
a small order of magnitude of the acoustic Mach number, (acoustic) harmonic oscillation [5,
15]:

p̂(x̂, t̂) = p̂m(x̂) +Mℜ
[

p̂1(x̂)e
it̂
]

+ . . . ,

T̂ (x̂, t̂) = T̂m(x̂) +Mℜ
[

T̂1(x̂)e
it̂
]

+ . . . etc, (3.1)

where the subscript 1 corresponds to the phasor for the acoustic variable, subscript m de-
notes the time-average, and ℜ[. . . ] extracts the real part of its argument. The acoustic
variables are re-scaled such that p̂1, T̂1, etc. become order unity. The velocity �eld is split
into a dimensionless velocity in the propagation direction (û) and the velocity in the trans-
verse direction (v̂). 1D wave propagation is considered, so we assume that the pressure is
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Air engine Helium engine

Material parameters

Rs 287 2077 [J·kg−1 ·K−1]

cp0 1003 5195 [J·kg−1 ·K−1]

γ0 7/5 5/3 [-]

κ0 0.0256 0.149 [W·m−1 ·K−1]

µ0 1.82·10−5 1.96·10−5 [Pa·s]
c0 340 1007 [m·s−1]

bµ 0.76 0.68 [-]

bκ 0.89 0.72 [-]

Operational parameters

T0 20 20 [◦C]

M 0.04 0.04 [-]

f 100 100 Hz

p0 101.3·103 4·106 [Pa]

ρ0 1.21 6.57 [kg·m−3]

δν 2.19·10−4 9.74·10−5 [m]

δκ 2.60·10−4 1.18·10−4 [m]

L 3 3 [cm]

rh 0.5 0.5 [mm]

Derived dimensionless quantities

s0 3.2 7.3 [-]

ε 1.67·10−2 1.67·10−2 [-]

M2 1.6·10−3 1.6·10−3 [-]

k0 9.2·10−4 3.1·10−4 [-]

M2k0 3.7·10−5 1.2·10−5 [-]

k0ε/s
2
0 1.5·10−6 9.9·10−8 [-]

M2k0/s
2
0 1.42·10−7 9.5·10−9 [-]

Table 3.1 – Derived dimensionless parameters for two �ctitious thermoacoustic engines.
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constant along the transverse direction. This implies that ‖v̂‖ ≪ |û|, and Tijdeman [17] has
shown that for this situation the transverse velocity scales as k0 compared to the velocity
in the propagation direction. Therefore, we include this scaling and rede�ne the transverse
velocity such that ‖v̂‖ ∼ 1. Then the time-harmonic form of the velocity vector is

û = ℜ
[

(û1(x̂)ex + k0v̂1(x̂))e
it̂
]

, (3.2)

where the same harmonic form is used as for p̂1, etc. The �ow is assumed to be laminar and
time-averaged mass transport induced by the acoustic wave, so-called acoustic streaming, is
neglected.

Furthermore, we assume that entrance e�ects at the start and end of the heat exchanger
can be neglected. A condition for the entrance e�ects to be small is that the particle oscil-
lation amplitude is small compared to the heat exchanger length, i.e. ξ1 = u1/ω ≪ L. For
the chosen reference conditions of Table (3.1), this assumption is violated since u1/ωL ∼
Mε/k0 ∼ 1. In this scaling, however, it is not taken into account that heat exchangers in
thermoacoustic engines are located at high-impedance positions (z ≃ 10ρ0c0) in the en-
gine [3]. This reduces the local oscillation amplitude by another factor of 10 for the same
reference Mach number, which makes the assumption more plausible.

Second order energy equation

In the case of a non-constant speci�c heat, the energy equation can be made dimensionless
in a similar way as done in Sec. (2.3). For that situation the dimensionless energy equation
is

ĉp
∂ρ̂T̂

∂t̂
+M2 ∂

∂t̂

(

(γ0 − 1)
1

2
‖û‖2

)

− γ0 − 1

γ0

∂p̂

∂t̂
+

M

k0

(

ĉp∇̂ ·
(

ρ̂T̂ û
)

+M2∇̂ ·
(

ρ̂(γ0 − 1)
1

2
‖û‖2

))

=

1

s20 Pr0
∇̂ ·
(

T̂ bκ∇̂T̂
)

+
M2(γ0 − 1)

s20
∇̂ · (τ̂ · û) . (3.3)

The thermal and viscous interaction of the acoustic wave with the solid boundaries is
dependent on the time-averaged temperature of the �uid. This time-averaged temperature
distribution can be found by solving the energy equation up to second order in the acoustic
Mach number. The temperature dependence of the dynamic viscosity and thermal conduc-
tivity also has to be taken into account. We use a Taylor expansion of the dimensionless
thermal conductivity variation with the temperature:

κ̂(T̂ ) = κ̂m +
dκ̂

dT̂
|
T̂m

(

T̂ − T̂m

)

+
1

2

d2κ̂

dT̂ 2
|
T̂m

(

T̂ − T̂m

)

2 + . . .

≃ T̂ bκ
m

(

1 +MT̂−1
m bκℜ

[

T̂1e
it̂
])

. (3.4)

For the dynamic viscosity, a similar expansion is used.
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Substituting expansions (3.1) and the Taylor expansions for the thermal conductivity
and dynamic viscosity into the energy equation (3.3), taking only terms up to second order
in the acoustic Mach number into account, time-averaging, neglecting time-averaged mass
�ux and multiplying with k0, we obtain

ε
∂ǫ̂x
∂x̂

+ ∇̂T · ǫ̂T = 0, (3.5)

where ǫ̂x denotes the dimensionless time-averaged second order energy �ux in the x-
direction, and ǫ̂T in the transverse direction. ǫ̂x equals

ǫ̂x = M2ρ̂mĉp
1
2ℜ
[

T̂1û
∗
1

]

(3.6)

− k0ε

s20 Pr0
T̂ bκ
m

(

∂T̂m

∂x̂
+

M2bκ

T̂m

1
2ℜ
[

T̂1
∂T̂ ∗

1

∂x

])

− V̂x,

where ∗ denotes complex conjugation, V̂x denotes the dimensionless viscous work �ux con-
tribution to the energy

V̂x =
M2k0(γ0 − 1)

s20
T̂ bµ
m

1
2ℜ
[

k0

(

∇̂Tû1

)

· v̂∗
1 + (3.7)

2ε
∂û1

∂x̂
û∗
1 + εk20

∂v̂1

∂x̂
· v̂∗

1 − 2
3

(

∇̂ · û1

)

u∗
1

]

.

The second order energy �ux in transverse direction is

ǫ̂T = M2k0ρ̂mĉp
1

2
ℜ
[

T̂1v
∗
1

]

− k0ε

s20 Pr0
T̂ bκ
m

(

∇̂TT̂m +

M2bκ

T̂m

1
2ℜ
[

T̂1∇̂TT̂
∗
1

]
)

−VT, (3.8)

with the viscous work �ux in transverse direction de�ned as1

V̂T =
M2k0(γ0 − 1)

s20
T̂ bµ
m

1
2ℜ
[

εk0
∂v̂1

∂x̂
û∗
1 +

(

∇̂Tû1

)

u∗
1 + k20

(

∇̂Tv1 +
(

∇̂Tv1

)

T
)

· v∗
1 − 2

3k0

(

∇̂ · û1

)

v∗
1

]

. (3.9)

At this point, some simplifying assumptions will be made. For that, we estimated the di-
mensionless parameters of Eq. (3.5) for two typical heat exchangers used in thermoacoustic
engines. The last 6 rows of Table (3.1) give results for the computed dimensionless numbers.
We take terms into account up to order ∼ k0ε/s

2
0. This means that the viscous work �ux

can be neglected, since this is ∼ M2k0/s
2
0.

1In the original paper [7], the last term of Eq. (3.9) is erroneously missing.
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At onset conditions in a thermoacoustic engine (in the limit ofM → 0), the conduction
terms are dominating, while for full load, the hydrodynamic enthalpy �ux in the propaga-
tion direction is the dominating contributor. To be able to model the temperature pro�le in
both situations, the heat conduction in x̂-direction cannot be neglected, despite the fact that
it is small compared to the enthalpy �ux in the T-direction when the engine runs under op-
erating conditions (M = 0.04). Keeping this into account and neglecting all other terms of
∼ Mk0 and smaller, multiplying all remaining terms by s20/k0 the energy equation reduces
to

∂

∂x̂

(

M2s20ε

k0
ρ̂mĉp

1

2
ℜ[T1u

∗
1]−

ε2

Pr0
T̂ bκ
m

∂T̂m

∂x̂

)

− (3.10)

1

Pr0
∇̂T ·

(

T̂ bκ
m ∇̂TT̂m

)

= 0.

This equation states that the enthalpy �ux in the transverse direction is governed by heat
conduction, while in the wave propagation direction, the energy �ux is a combination of
heat conduction and hydrodynamic enthalpy �ux. This statement was implicitly used by
Mozurkewich [10] and Piccolo and Pistone [13].

Resulting in Eq. (3.10) is nontrivial, since at operating conditions the transverse hydro-
dynamic enthalpy �ux cannot be neglected compared to axial conduction. However, in the
case where it becomes that large, it can be neglected compared to the axial hydrodynamic
enthalpy �ux. Therefore, we require the additional assumption that the hydrodynamic en-
thalpy �ux in transverse direction is always small compared to the x̂-direction. This means

k0/ε ≪ 1. (3.11)

Since k0/ε ∝ L/λ0, this corresponds to the short-stack approximation [15]. The scale of
axial energy �ux depends on the scale of the acoustic amplitude. We introduce a common
scale δ for the energy �ux in the x̂-direction as

δ = max

(

M2s20ε

k0
,
ε2

Pr0

)

. (3.12)

Since δ ≪ 1, a �rst order perturbation expansion of T̂m in δ can be used to obtain the
mean temperature pro�le. We write the time-averaged temperature as a spatial average
superposed with an O(δ) �uctuation in the transverse direction:

T̂m(x̂, r̂) = 〈T̂m〉(x̂) + δT̂mT(x̂, r̂) + . . . , (3.13)

where we add the additional constraint that the O(δ) temperature distribution over the
cross section has an area-average of zero

1

Ŝf

ˆ

Ŝf

T̂m(x̂, r̂)dŜ = 〈T̂m〉(x̂). (3.14)

This can only be done when the boundary condition on the time-averaged wall temperature
of the pore is symmetric, so no net heat �ow crosses the �uid domain in transverse direction.
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Substituting expansion (3.13) back in Eq. (3.10), taking terms up to O(δ), and dividing by δ
yields:

∂

∂x̂

(

M2s20ε

k0δ
〈ρ̂m〉ĉp

1

2
ℜ
[

T̂1û
∗
1

]

− ε2〈T̂m〉bκ
Pr0 δ

d〈T̂m〉
dx̂

)

(3.15)

−〈T̂m〉bκ
Pr0

∇̂2
TT̂mT = 0,

which is a Poisson equation for theO(δ) correction of the time-averaged transverse tempe-
rature pro�le. The boundary condition is that T̂m|wall = T̂w. In deriving Eq. (3.15) we have
made use of an expansion in δ of the density

ρ̂m = 〈ρ̂m〉+O(δ). (3.16)

To solve Eq. (3.15), explicit solutions of the �rst order (acoustic) temperature and velocity
pro�les have to be known. These solutions are presented in the next section.

3.3 First order equations

When the time-averaged temperature distribution is uniform in the transverse direction, ex-
pansions (3.1) up to �rst order in the acoustic Mach number result in a system of equations
which has been solved by Rott [14]. The result is “Rott’s thermoacoustic wave equation”
[16]. This is an ordinary di�erential equation depending on the propagation (x) coordinate
only. The transverse viscothermal e�ects are incorporated in the fν and fκ functions. These
functions are, for a �xed frequency, dependent on the cross-sectional geometry and time-
averaged temperature. Arnott [1] has shown solutions for arbitrary pore shapes. In the
current work, the time-averaged temperature is not assumed to be spatially uniform. How-
ever, it is important to see that the variation in transverse direction of the mean temperature
�eld is ∼ δ. This means, that on the order of approximation of the �rst order thermoacous-
tic equations, this is a very small correction. This is because terms of ∼ k0 are already
neglected as a result of the low reduced frequency approximation. Hence, for construct-
ing the solution of the �rst order equations only the area-averaged component of the mean
temperature distribution has to be taken into account. Applying this assumption in dimen-
sionless form, the �rst order continuity equation becomes

iρ̂1 +
ε

k0

∂〈ρ̂m〉û1

∂x̂
+

〈ρ̂m〉
k0

∇̂T · v̂1 = 0, (3.17)

for the momentum equation in x-direction, neglecting the ∼ δ terms results in

i〈ρ̂m〉û1 −
〈T̂m〉bµ

s20
∇̂2

Tû1 = − ε

γ0k0

dp̂1
dx̂

, (3.18)

for the �rst order energy equation, we obtain

〈ρ̂m〉ĉp
(

iT̂1 +
ε

k0
û1

d〈T̂m〉
dx̂

)

= i
γ0 − 1

γ0
p̂1 +

〈T̂m〉bκ
s20 Pr0

∇̂2
TT̂1, (3.19)
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and the last equation required is the equation of state, in this case the �rst order ideal gas
law

p̂1 = 〈ρ̂m〉T̂1 + 〈T̂m〉ρ̂1. (3.20)

We conclude that the form of Eqs. (3.17)-(3.20) is similar to the solution obtained for
a constant mean temperature in the transverse direction. Sec. (2.5) shows the solutions to
Eqs. (3.17)-(3.20) in dimensional form.

Integrating the dimensional form of Eq. (3.15) over the cross-sectional area and applying
the divergence theorem for the last term on the left-hand side, the second order enthalpy
�ow (H2) in the acoustic medium is found. An expression for arbitrary pore shapes can be
deduced:

dH2

dx
= 〈κ̂m〉

˛

Π

∇̂TTmT · ndΠ ≡ qin (3.21)

where qin is the transverse heat �ow in W·m−1. The second order enthalpy �ow H2 is a
combination of heat conduction and thermoacoustic enthalpy �ow:

H2 =
1

2
ℜ[p1U∗

1 η] +

( 〈ρm〉cp|U1|2
ωSf

1

2
ℑ[ζ]− 〈κm〉Sf

)

d〈Tm〉
dx

(3.22)

where

η = 1− fκ − f∗
ν

(1− f∗
ν )(1 + Pr)(1 + ǫs)

; ζ =
f∗
ν +

(fκ−f∗

ν )λ
1+Pr

(1− Pr)|1− fν |2
. (3.23)

This relation can also be found in the DeltaEC user guide [20], where it also includes the
conduction heat �ow in the solid. If qin is prescribed, Eq. (3.21) can be used as an equation
to solve the mean temperature �eld. However, generally qin is not known and has to be
solved from other boundary conditions, such as the wall temperature of the channel (Tw).
For that case, Eq. (3.15) has to be solved for the transverse temperature pro�le.

3.4 Solution for parallel plates

In this section, the Poisson equation (3.15) is solved to �nd the solution of the mean tempe-
rature pro�le for a prismatic parallel-plate heat exchanger. For a parallel-plate geometry,
hν and hκ are equal to

hν =
cosh

(√
i sy/rh

)

cosh
(√

i s
) ; hκ =

cosh
(√

iPr sy/rh

)

cosh
(√

iPr s
) . (3.24)

Substituting the �rst order solutions for the acoustic temperature oscillation and velocity
in the dimensional form of Eq. (3.15), we obtain

〈κm〉∂
2TmT

∂y2
=

∂

∂x

[

1

Sf

1
2ℜ[p1U

∗
1α1β

∗]

−d〈Tm〉
dx

(

〈κm〉+ 〈ρm〉cp
ωS2

f

|U1|2 1
2ℑ[α2β

∗]

)]

, (3.25)
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where α1, α2, and β are as de�ned in Sec. (2.5).
To �nd the mean temperature variation over the cross section, we integrate Eq. (3.25)

twice along y, apply the boundary condition that Tm|y=rh = Tw, as well as the symmetry
condition, stating that the heat �ux in the y-direction at the center between two plates is
zero: ∂TmT

∂y
|y=0 = 0. This yields:

TmT =
r2h

Sf 〈κm〉
∂

∂x

{

1
2ℜ[Ψp1U

∗
1 ]−

〈ρm〉cp
ωSf

|U1|2
d〈Tm〉
dx

1
2ℑ[Φ]

}

+ Tw − 〈Tm〉+ 1

2

r2h
(

1− ŷ2
)

〈κm〉
d

dx

(

〈κm〉d〈Tm〉
dx

)

, (3.26)

where

Ψ(ŷ) =

ˆ ŷ

1

ˆ ŷ

0

α1β
∗dŷdŷ ; Φ(ŷ) =

ˆ ŷ

1

ˆ ŷ

0

α2β
∗dŷdŷ, (3.27)

and ŷ = y/rh. Assuming the acoustic �eld is known, Eq. (3.26) cannot yet be solved, as it
still contains two unknowns: the mean temperature correction TmT and the area-averaged
mean temperature 〈Tm〉. We can eliminate the mean temperature correction by integrating

again, and taking into account that
´ 1

ŷ=0
TmTdŷ = 0. We end up with a second order

ordinary di�erential equation for the time-averaged spatially mean temperature in the �uid
gap. The result is rearranged and multiplied by 〈κm〉Sf/r

3
h:

dJ

dx
=

〈κm〉Sf

r2h
(〈Tm〉 − Tw), (3.28)

where J is de�ned by

J =
1

2
ℜ[Θp1U

∗
1 ] +

(

Sf〈κm〉
3

− 〈ρm〉cp|U1|2
ωSf

1

2
ℑ[Λ]

)

d〈Tm〉
dx

. (3.29)

The numbers Θ and Λ are de�ned as:

Θ =

ˆ 1

0

Ψ(ŷ)dŷ ; Λ =

ˆ 1

0

Φ(ŷ)dŷ (3.30)

Note the large similarity in the structure of Eq. (3.21) and (3.29). This similarity allows
for an easy implementation of the current model in an existing thermoacoustic code. Θ and
Λ are dependent on the shear wave number and the Prandtl number. The evaluation of their
integrals is done by using a computer algebra system. The result of this integration is given
in Appendix (3.A). As shown in Figure (3.2), Θ and ℑ(Λ) show some limiting behavior: for
small rh, or low frequenciesΘ,Λ → 0, while for wide pores (s → ∞),Θ → − 1

3 andΛ → 0.
For wide pores, however, the acoustic power �ow, 12ℜ[p1U∗

1 ] stays constant, because fν and
fκ → 0. This means that in both limits, Eq. (3.29) can be reduced to

dQ

dx
= qin = hΠ(Tw − 〈Tm〉) (3.31)
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Figure 3.2 – Above: real and imaginary part of −Θ vs. shear wave number. Below: −ℑ(Λ). The results
are created for Pr = 0.68.

where Q = −Sf〈κm〉d〈Tm〉
dx (since we assume prismatic pores, Sf can be put inside the

d/dx), and h = 3〈κm〉/rh. h is an e�ective heat transfer coe�cient, obtained exactly for
the conduction-only problem of high-aspect ratio pores. In the limit of s → ∞, this approx-
imation is poor because in that limit the transverse heat transport is no longer dominated
by heat conduction.

Implementation

A numerical code has been developed to solve the acoustic equations (Eqs. (2.50, 2.58),
including the second order ODE governing the mean temperature �eld (3.29). This code
invokes the well-known fourth order Runge-Kutta method [8] for integration of the di�er-
ential equations. Note that the acoustic �eld is altered by the change in mean temperature
�eld due to the second term in Eq. (2.58). On the other hand, the mean temperature �eld is
altered by the presence of an acoustic �eld. A converged solution is found by sequentially
updating the mean temperature �eld in the acoustic equations and updating the acoustic
�eld in the mean temperature equation. This updating is applied after fully integrating the
solution for the temperature and acoustic �eld, respectively. After approximately 4 to 10
iterations, this procedure converges.
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Ldomain

zL uR

HL
〈Tm〉R

2rh

T = Tw

x

Left duct Right ductHeat exchanger

Figure 3.3 – Schematic overview of the domain, split into three parts. The left and right duct are unable
to exchange heat with the surroundings (qin = 0). On the left side, an acoustic impedance boundary zL
is applied and the time-averaged second order enthalpy �ow is set to HL. On the right side, the acoustic
velocity phasor is prescribed to be uR, and the time-averaged temperature is set at 〈Tm〉R. The middle part
of the domain is a heat exchanging domain where we assume a constant wall temperature.

3.5 Application

In this section, the developed model is applied to a case study. The chosen con�guration
corresponds to a parallel-plate stack/heat exchanger in a resonator driven by an oscillating
piston, as shown in Figure (3.3).

CFD computations on this system were performed by Cao et al. [4]. Their primary
obtained result was that the transverse heat �ux from the stack plate to the acoustic medium
strongly “peaks” at the plate edges. Later on, Mozurkewich [10] was able to reproduce this
phenomenon. To demonstrate the validity of the current model the same test case of Cao et
al. is used. The developed model allows the investigation of the e�ect of the wave phasing
on the heat transfer.

Model details

The stack plates are assumed to be isothermal, so this corresponds to the initial situation of
a driven thermoacoustic refrigerator; no temperature gradient has yet been established. A
schematic overview of this case is given in Figure (3.3). The model is built from three seg-
ments, the left duct, the heat exchanger and the right duct. Continuity of mean temperature,
second order enthalpy �ow, acoustic volume �ow (U1) and acoustic pressure (p1) are as-
sumed at the interfaces between the segments. The mean pressure pm is set to atmospheric
(101.3kPa). The stack plates have zero thickness, so the porosity φ = 1. The plate spacing
is 2rh. The mean temperature of the plates is set to Tw = 20 ◦C and it is assumed that the
plates are perfectly conducting, such that ǫs = 0. The left and right duct are modeled as
inviscid and adiabatic tubes, so in these segments we set fν = fκ = 0. This also implies that
in these segments the second order time-averaged enthalpy �ow (3.21)-(3.22) with qin = 0)
is independent of x. Helium is chosen as the acoustic medium. For the properties of helium,
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the reader is referred to Table (3.1). On the left boundary, zero second order enthalpy �ow is
assumed (H2L = 0). The acoustic boundary conditions are chosen similar to Cao et al. [4].
On the left domain boundary, an impedance boundary condition is chosen corresponding
to a wall that is a distance xL from the left duct: zL = iz0 cot(2πxL/λ), where z0 denotes
the characteristic acoustic impedance and λ is the wavelength. Furthermore, on the left
domain boundary a zero second order energy �ow boundary condition is imposed. There-
fore, no heat can enter or leave the domain on this side. At the right boundary, the mean
temperature of the �uid is prescribed to be 〈Tm〉 = 20 ◦C, and u1 = c0M sin(2πxR/λ) as
velocity phasor boundary condition is imposed. Various Mach numbers will be used. xL

corresponds to xAB in the work of Cao et al. and xR to xCD .

Enthalpy �ow

Figure (3.4) shows a graph of the second order time-averaged enthalpy �ow H2 (top), and
its derivative (bottom) for di�erent acoustic Mach numbers at a scaled plate spacing of
δκ0/rh = 0.2. In the �gure, large peaks can be observed for low amplitudes at the ends
of the heat exchanger/stack. From Cao et al. [4], it is found that the transverse heat �ux
magnitude scales with the particle oscillation amplitude. Therefore, this scaling is used to
normalize the transverse heat �ux magnitude. Because the acoustic power is zero on the
left side, the segment should be isothermal. It is clear that the heat exchange concentrates
at the ends of the plates.

Heat transfer coe�cient vs wave phasing

For investigating heat transfer, we change the domain con�guration for themore interesting
heat exchanger length of 3 cm. Thewave phasing is changed by applying a di�erent acoustic
impedance boundary condition. To establish a traveling wave, the left impedance boundary
condition is set to zL = −ρ0c0. Now, we choose a higher wall temperature boundary
condition Tw, moreover we change the left boundary condition from zero enthalpy �ow
(H2 = 0) to a mean temperature boundary condition, such that 〈Tm〉L = 〈Tm〉R = T0.
This way, focus is put on the heat transfer characteristics, rather than the thermoacoustic
e�ects. We de�ne a heat transfer coe�cient

h =
qin

Π(Tw − 〈Tm〉) , (3.32)

where Π denotes the wetted perimeter, equal to S/rh for parallel-plate pores. The heat
transfer coe�cient is normalized with h0, which is the exact heat transfer coe�cient for
the conduction-only problem. Tw is set to 100 ◦C. It is found that the heat transfer coef-
�cient results are approximately independent of Tw . Figure (3.5) shows this heat transfer
coe�cient for di�erent plate spacing δκ0/rh. As shown in this �gure, the heat transfer co-
e�cient does not depend much on the wave phasing. For relatively small hydraulic radius,
the heat transfer is not augmented by the presence of an acoustic �eld. Above M ≃ 0.04,
the heat transfer coe�cient does not signi�cantly increase anymore with increasing am-
plitude. The strange behavior for the case of δκ0/rh = 0.2 results because of the crossing
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Figure 3.4 – Top: Second order enthalpy �ow (H2) scaled with the magnitude of the enthalpy �ow at the
right boundary |HR|. Bottom: derivative of enthalpy �ow scaled with the particle displacement amplitude.
Both plots are for the case of δκ0/rh = 0.2.
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Figure 3.5 – Heat transfer coe�cient h for Mach numbers 0.01 and 0.04 and di�erent relative plate spacing:
above: δκ0/rh = 0.05 middle: δκ0/rh = 0.1, below: δκ0/rh = 0.2. “TW” denotes traveling wave
phasing and “SW” standing wave phasing. Results are generated for helium (Pr0 = 0.68).
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Figure 3.6 – Centerline temperature heat transfer coe�cient hm for the standing wave case and di�erent
M , Above: δκ0/rh = 0.05. Below: δκ0/rh = 0.2. Pr = 0.68 (helium).

of 〈Tm〉 − Tw through zero. Therefore, it should be stressed that a simple heat transfer
coe�cient model fails in the cases where thermoacoustic e�ects cannot be neglected.

By computing the heat transfer coe�cient based on the mean temperature at the mid-
point between two plates

hm =
qin

Π(Tw − Tm(y = 0))
, (3.33)

we can compare results with the simple heat transfer coe�cient model of Mozurkewich
[10]:

hm ≃ 0.61κ/δκ. (3.34)

Figure (3.6) shows results for the centerline heat transfer coe�cient vs position in the
heat exchanger. A good agreement is found for the high-amplitude case of M = 0.04. At
low amplitudes the result di�ers because conduction becomes more important for the heat
transfer. For high amplitudes and wide plate spacing, a good comparison is made with the
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current model. Again the jump for the case δκ0/rh = 0.2 is due to a crossing of zero of
Tw − 〈Tm〉(y = 0) in between the grid-points.

3.6 Conclusions

A one-dimensional thermoacoustic heat transfer model has been developed. This model
can be used for arbitrary wave phasing and can easily be implemented in a 1D second
order thermoacoustic code. The model is solved and tested for a parallel-plate geometry. A
comparison is made with the work of Mozurkewich for the centerline temperature-based
heat transfer coe�cients for parallel-plate heat. It is shown that in the range of applicability
of the model, a good agreement is found between the two models. The e�ects of wave
phasing on heat transfer have been studied; however, for the modeling cases considered in
this work, the in�uence of heat transfer on the wave phasing is not important.
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3.A The Θ and Λ terms

This appendix shows the expressions for Θ and ℑ[Λ]. It should be stressed that for fν , the
parallel-plate variant that should be used is

fν =
tanh

(√
i s
)

√
i s

. (3.35)

ForΛ, only the imaginary part is of importance, therefore we do not show some of the terms
that contribute to the real part of Λ. This results in a shorter expression. The expression
found for Θ is

Θ =
1

f∗
ν − 1

{

1

3
− si+

√
−i

s3
+

si
√
Pr −

√
i

s3 Pr
3
2 (1 + ǫs)

· · · (3.36)

+
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√
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i (Pr−3) + s(1 + Pr) tanh

(

s
√
−i
))

s3(Pr+1)3(1 + ǫs)
· · ·

+
2
√
i

s3 Pr
3
2

(

e2s
√
iPr + 1

)

(1 + ǫs)
+

2
√
−i

s3
(

e2s
√
−i + 1

)

}

,

and for ℑ[Λ] is

ℑ[Λ] =
1

(1− Pr)|1− fν |2
ℑ
[

2Pr
√
i

s3
(

e2s
√
i + 1

) − 2λ
√
i Pr−

3
2

s3
(

e2s
√
iPr + 1

) · · · (3.37)

−
λ
√
Pr tanh

(

s
√
iPr

)
[√

i (Pr−3) + 2s(1 + Pr) tanh
(

s
√
−i
)]

s3(Pr+1)3
· · ·

+
λ
√
−i (3 Pr−1) tanh

(

s
√
−i
)

+ iλs
(

Pr2 −1
)

s3(Pr+1)3
· · ·

+

√
i
(

λPr−
3
2 −Pr

)

+ is
(

1− λ
Pr

)

+
√
i (Pr−1) tan

(

s
√
i
)

s3

]

.
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chapter 4

A FREQUENCY DOMAIN METHOD FOR SOLVING PERIODIC NONLINEAR
ACOUSTIC PROBLEMS

A frequency domainmethod is proposed for solving periodic nonlinear acoustic problems. A signi�cant

reduction in computational cost can be achieved in comparison with time integration methods, especially

when spectra are decaying rapidly. In the future, thismethodwill be used tomodel thermoacoustic devices.

This paper discusses the theory and a validation application, in which we solve a one-dimensional plane-

propagating wave problem. Results are found to be in good agreement with the analytical solution for

this problem. Moreover, the computation time is in the order of a few seconds.

4.1 Introduction

In this hhapter, we propose a method to solve nonlinear acoustic problems, with an empha-
sis on the modeling of thermoacoustic systems. Thermoacoustic (TA) systems convert en-
ergy from heat to sound and vice versa [16]. Modeling of TA systems is di�cult due to their
inherent nonlinear nature and the large spread in length scales involved [5]. Therefore, re-
duced order methods based on additional assumptions are used, such as the well-established
linearized thermoacoustic theory [13, 15], which is valid for low amplitudes. Extending the
linear theory to the nonlinear regime is found to be a di�cult task [7], but is regarded as
necessary when one is interested in steady-state quantities of TA systems, such as acoustic
power and e�ciency.

In many cases, the initial transient regime of TA systems is not important, and the in-
terest is primarily on the periodic steady-state, as this is the situation to design for. Hence,
it can be bene�cial to make use of the periodic behavior of the �ow and directly solve the
periodic steady-state, thereby avoiding the need to resolve the long initial transient start-up
phase of TA systems.

Time domain models require the solution to be integrated over time through many cy-
cles before the periodic steady-state is reached. This is especially the case for self-excited
systems, such as thermoacoustic engines. Thermoacoustic engines generally start from a
condition of linear instability, followed by an exponential growth in amplitude. Amplitude
saturation by nonlinear e�ects, such as thermoacoustic streaming, harmonics generation
and �ow minor losses, can easily take up to 100 oscillations [5], counted from the initial
conditions. Using a time domain model, �rst this transient regime has to be resolved, and
time steps are restricted by the stability of the numerical scheme. However, once periodicity
is reached, only a few harmonics are required to describe the periodic steady-state up to an
acceptable accuracy [4].

In this paper, we propose a method that can directly solve the periodic steady-state of
nonlinear acoustic problems, termed the nonlinear frequency domain (NLFD) method. This
method is based on the harmonic balance method and the NLFD method as described by

65
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Hamilton et al. [6]. The main advantage of the current method compared to the method
of Hamilton et al. is the reduction in computational cost. This reduction is accomplished
by computing the nonlinear terms in the time domain using a discrete Fourier transform.
Harmonic-balance-basedmethods have been successfully applied to aerodynamic [12], elec-
trical [10], aero-elastic [9], and turbomachinery [2, 3] problems. It will be shown that these
methods can be very useful to reduce the computational cost of simulating periodic non-
linear acoustic and thermoacoustic systems. For thermoacoustic systems, there is an addi-
tional advantage. When source terms are de�ned in frequency domain, there is no need to
transform these terms to time domain anymore.

In Sec. (4.2), the NLFD method is discussed. Some of its characteristics, which are of
interest for modeling of thermoacoustic systems, are highlighted. In Sec. (4.3), the method
will be applied to derive the NLFD form of the one-dimensional Euler equations. As an
alternative to solving these equations with pseudo-time integration, in Sec. (4.3) we pro-
pose a direct solution strategy using the Newton-Raphson method. In Sec. (4.4), the NLFD
form of the Euler equations is used to solve the classical nonlinear acoustics problem of a
plane propagating wave. Results are compared with the exact solution for this problem. We
will brie�y discuss the extension of the model to thermoacoustic systems, but this will be
discussed in detail in Chapter (5).

4.2 NLFD Theory

This sectionwill explain the theory behind the NLFDmethod. Amore heuristic introduction
to the harmonic balance method and derived methods is given by Hall et al. [4]. We will
explain the method by applying it to a general conservation equation

∂ξ

∂t
+

∂

∂x
F (ξ) = 0, (4.1)

where t is time and F is a real-valued nonlinear (�ux) function of the state variable (ξ). It
is noted that the Euler equations described in Sec. (4.3) can also be written in this form.
We assume that the solution is both real and periodic in time, with a fundamental angular
frequency (ω), so the solution can be written as a Fourier series

ξ(x, t) = ℜ
[ ∞
∑

n=0

ξ̃n(x)e
inωt

]

, (4.2)

where ξ̃0 ∈ R and ξ̃n ∈ C for n > 0. ℜ[. . . ] denotes the real part of its argument. This
is also done for the �ux function. We comply with the notation used by Rott and Swift
[15], by using a subscript corresponding to the harmonic number, and e+iωt notation. It is
assumed that the spectrum of ξ is decaying, so a good approximation will be to limit n to
Nf harmonics. This results in 2Nf + 1 degrees of freedom: one stationary term, and real
and imaginary part for each nonzero frequency. We substitute this truncated Fourier series
into the di�erential Eq. (4.1). Since the function F is nonlinear, a truncated Fourier series
can result in harmonics higher than the originally assumed number of harmonics (Nf ). We
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assume that their amplitude is small enough to be neglected. Hence, we are left with only
the originally assumed number of harmonics:

ℜ



iω

Nf
∑

n=0

nξ̃n(x)e
inωt



+
d

dx



ℜ





Nf
∑

n=0

F̃n(x)e
inωt







 = 0, (4.3)

where F̃n are the Fourier coe�cients of the function F (x, t). Eq. (4.3) is only one equation
including 2Nf +1 unknowns. However, we can make use of the orthogonality of sinusoids.
Multiplying Eq. (4.3) by e−imωt and integrating over one time period, only the terms of
harmonicm are left in the equation:

iωmξ̃m +
d

dx

(

F̃m

)

= 0 0 ≤ m ≤ Nf . (4.4)

The Fourier coe�cients of F can be obtained by evaluating the integrals

F̃m(x) =













ω
2π

2π
ώ

0

F
(

ℜ
[
∑Nf

n=0 ξ̃n(x)e
inωt

])

dt ; m = 0

ω
π

2π
ώ

0

F
(

ℜ
[
∑Nf

n=0 ξ̃n(x)e
inωt

])

e−imωtdt ; m > 0

. (4.5)

Now we have obtained 2Nf + 2 coupled equations. However, since we have assumed
that F̃0 is real, the equation for the imaginary part of F̃0 is redundant, so we are left with
2Nf + 1 equations. In the frequency domain, nonlinear e�ects result in the generation of
(sub)harmonics. For example, the product of two cosines generates a time-average term and
a cosine of double the frequency: cos2(ωt) = 1

2 (1 + cos(2ωt)). Suppose κ(t) = ξ(t)η(t),
and ξ, η are truncated Fourier series, then we can �nd the kth nonzero frequency of κ by

κ̃k =
ω

π

2π
ω
ˆ

0

ξ(t)η(t)e−ikωtdt =
ω

π

2π
ω
ˆ

0

ℜ





Nf
∑

n=0

ξ̃n(x)e
inωt



ℜ





Nf
∑

m=0

η̃m(x)eimωt



e−ikωtdt

=
1

2

k
∑

n=0

[

ξ̃nη̃k−n

]

+
1

2

Nf−k
∑

n=0

[

ξ̃n+kη̃
∗
n + ξ̃∗nη̃n+k

]

, 0 < k ≤ Nf (4.6)

and for the time-average (zero-frequency) component we �nd

κ̃0 = η̃0ξ̃0 +
1

2
ℜ





Nf
∑

n=1

ξ̃nη̃
∗
m



. (4.7)

In order to �nd the truncated vector of Fourier components κ̃, O(N2
f ) multiplication

operations are required. Hence, for a product of three truncated Fourier series, O
(

N3
f

)
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operations are required, and so on. This can result in a high computational cost. Moreover,
in many nonlinear operations, the Fourier integral cannot be evaluated analytically. For ex-
ample, for the division of two truncated series, no analytical solution exists. To circumvent
both problems, the solution of Maple et al. [11] is adopted. The idea is to generate 2Nf +1
time instances (“levels”) from the truncated Fourier series

ξ(tm) ≡ ξm = ℜ





Nf
∑

n=0

ξ̃ne
inωtm



, (4.8)

where tm = m∆t, 0 ≤ m < 2Nf + 1 and

∆t =
2π

ω(2Nf + 1)
. (4.9)

By introducing the vector of (truncated) Fourier coe�cients ξ̃ and the vector of time
levels ξ, the vector of Fourier coe�cients of - for example - the product of two quantities
(κ = ξη) can be computed by

κ̃ = F(η ◦ ξ), (4.10)

where ◦ denotes the elementwise product “Hadamard product” of two vectors1. It can also
be written as diag(η) · ξ, where diag() creates a square matrix with the components of its
argument on the diagonal, and · is the matrix-vector product sign, resulting in a vector.
F is the discrete Fourier transform (DFT) operator which generates the vector of truncated
Fourier coe�cients from the vector of time instances. In this form, it is termed the nonlinear
frequency domain method. Applying this method to Eq. (4.4), we obtain

d ◦ ξ̃ +
d

dx

(

F
(

F(F−1ξ
))

= 0, (4.11)

where F is the nonlinear operator F , applied elementwise to the vector of time instances,

and d is the time-derivative vector { 0 iω 2iω 3iω . . . }T . The approximate Fourier
coe�cients of ξ can be obtained by

ξ̃k = [F(ξ)]k =











1
2Nf+1

2Nf∑

n=0

ξn ; k = 0

2
2Nf+1

2Nf∑

n=0
ξne

−ikωtn ; k > 0

, (4.12)

such that the time levels can be found similar to Eq. (4.8).
Taking the inverse DFT of Eq. (4.11) yields the time-spectral form. The di�erence be-

tween the time-spectral form and the NLFD form lies in a similarity transformation [4]. The
NLFD form is chosen, because the boundary conditions and source terms in TA systems are
stated in frequency domain (see Chapter (2) and (5)).

1For Matlab users: the .∗ operation
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To summarize, the approach for nonlinear operations is as follows. First, we perform an
inverse DFT, which results in a vector of time instances. Secondly, the nonlinear operation
is applied to each time instance individually. Finally, the result is transformed back to the
frequency domain. Using this method, the Fourier integrals are not evaluated exactly, as
would have been done with, for example, Eq. (4.6). Instead the midpoint rule is used to
approximate the integral. However, it can be veri�ed that by applying this method, for
example, the product of two sinusoidsℜ

[

ξne
inωt

]

ℜ
[

ηne
inωt

]

is computed exactly, provided
thatNf ≥ 2n. This is important, because in thermoacoustics we are often interested in the
time-average e�ect of oscillating quantities.

When the product of two sinusoids results in harmonics at frequencies higher than
Nf , aliasing occurs, resulting in spurious generation of low-frequency content. To reduce
such errors, the number of harmonics should be chosen such that the energy in the higher
harmonics is low compared to the energy in the lower harmonics. This can be checked
afterwards.

4.3 Application: Euler equations

In this section, the NLFD theory is applied to the Euler equations. We assume calorically
perfect gas and isentropic changes in state, so the energy equation can be reduced to a
barotropic state equation. To later account for the expansion of the model to include ther-
moacoustic interaction terms, we solve for the dependent variables of pressure (p), density
(ρ), velocity (u) and temperature (T ). Then, the equations to solve are

∂ρ

∂t
+

∂ρu

∂x
= 0, (4.13)

∂ρu

∂t
+

∂
(

p+ ρu2
)

∂x
= 0, (4.14)

p− p0

(

ρ

ρ0

)

γ = 0, (4.15)

p− ρRsT = 0, (4.16)

where t is time [s], x is the axial position [m], and Rs is the speci�c gas constant [J/kg·K].
Subscript 0 denotes a reference condition and γ is the speci�c heat ratio. It should be noted
that the temperature can be found as a post-processing step. For thermoacoustics this is not
possible anymore, because a full energy equation needs to be solved. To simplify the nu-
merical implementation, we have chosen to store the Fourier coe�cients of each dependent
variable as a vector of real numbers of length Ns = 2Nf + 1:

ξ̃ =
{

ξ0 ℜ(ξ1) ℑ(ξ1) ℜ(ξ2) . . .
}

T. (4.17)

Using this storage vector, we can perform forward and backward DFT using standard linear
algebra routines. We rede�ne F and F

−1 to be matrices that perform the forward and
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inverse DFTs respectively. The forward F becomes

F =
2

Ns














1
2

1
2

1
2

1
2

1
2 . . .

1 c(l) c(2l) c(3l) c(4l) . . .

0 s(l) s(2l) s(3l) s(4l) . . .

1 c(2l) c(4l) c(6l) c(8l) . . .

0 s(2l) s(4l) s(6l) s(8l) . . .
...

...
...

...
...

. . .














, (4.18)

where c(x) = cos(x), s(x) = sin(−x), and l = 2π/Ns. A similar matrix can be found for
F

−1

F
−1 =














1 1 0 1 0 . . .

1 c(l) s(l) c(2l) s(2l) . . .

1 c(2l) s(2l) c(4l) s(4l) . . .

1 c(3l) s(3l) c(6l) s(6l) . . .

1 c(4l) s(4l) c(8l) s(8l) . . .
...

...
...

...
...

. . .














, (4.19)

which can be readily derived from Eq. (4.8). Next, we apply the NLFDmethod to Eqs. (4.13)-
(4.16). After transforming to the frequency domain and applying the forward-backward
transform to the nonlinear operations, we obtain the following semi-discrete form for the
continuity equation

D · ρ̃+
d

dx
F ·

[

F
−1 · ρ̃ ◦F−1 · ũ

]

= 0, (4.20)

where D is a skew-symmetric matrix form of the time-derivative vector d,

D = ω














0 0 0 0 0 . . .

0 0 −1 0 0 . . .

0 1 0 0 0 . . .

0 0 0 0 −2 . . .

0 0 0 2 0 . . .
...

...
...

...
...

. . .














. (4.21)

Similar forms are obtained for momentum, isentropic state and perfect gas as expressed in
Eqs. (4.14)-(4.16). These are
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D ·F ·
(

F
−1ρ̃ ◦F−1 · ũ

)

+ · · · (4.22)

d

dx

[

p̃+F ·
(

F
−1 · ρ ◦

(

F
−1 · ũ

)
2
)]

= 0,

p̃− p0F ·
(

F
−1 · ρ̃
ρ0

)

γ = 0, (4.23)

p̃−RsF ·
(

F
−1 · ρ̃

)

◦
(

F
−1 · T̃

)

= 0. (4.24)

It should be noted that the exponents (2,γ) are applied elementwise to each vector compo-
nent.

Eq. (4.20) and Eqs. (4.22)-(4.24) are de�ned in the frequency domain. This eases the
implementation of viscous drag and TA source terms. For example, we take the linearized
form of the frequency domain viscous drag operator as derived by Watanabe et al. [17]:

D(ũ) = iωρ0
fν

1− fν
ũ, (4.25)

where fν is the viscous Rott function and ρ0 is the mean density. This operator is straight-
forward to add to the left-hand side of Eq. (4.22), without any problems related to the time-
frequency domain conversion, possibly resulting in spurious instabilities of the higher acou-
stic modes [19]. The extension of the model for TA systems is elaborated in Chapter (5).

Solution method

For the spatial discretization, (second order) central �nite di�erences are used on an equidis-
tant grid. A stable spatial discretization was found by using a staggered grid. Details about
the fully discretized forms of each equation are given in Appendix (4.B).

Since the fully discretized forms of Eqs. (4.20), and (4.22)-(4.24) are nonlinear, an iterative
solution method has to be chosen. As proposed by Maple et al. [11], a pseudo-time can be
introduced, with which the solution can be driven to its steady-state in this pseudo-time.
The pseudo-timemethod is applicable for �ow problems with small oscillatory components.
However, in nonlinear acoustics the oscillatory component is large and nonlinearities are
generally treated as small. That is why perturbation methods can be used to �nd nonlinear
corrections to the linear solution. For this reason we state that a direct solution searching
method is more appropriate. We propose solving the equations using the Newton-Raphson
method. For this method, the Jacobian matrix is required, which we evaluate analytically.

We introduce an operator Lk,i for equation k on node i, where k = c,m, e, s are the
continuity, momentum, isentropic and state equations, respectively. For example, the fully
discretized continuity equation operator for an equidistant grid is

Lc,i = 2∆xD · ρ̃i +F ·
[(

F
−1 · ρ̃i+1

)

◦
(

F
−1 · ũi+1

)]

− F ·
[(

F
−1 · ρ̃i−1

)

◦
(

F
−1 · ũi−1

)]

. (4.26)
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Then the Jacobian terms of each operator can be computed. For the example of Eq. (4.26):

∂Lc,i

∂ρ̃i

= 2∆xD, (4.27a)

∂Lc,i

∂Ũi

= [0], (4.27b)

∂Lc,i

∂ρ̃i+1

= F · diag
(

F
−1 · ũi+1

)

·F−1, (4.27c)

∂Lc,i

∂ũi+1
= F · diag

(

F
−1 · ρ̃i+1

)

·F−1, (4.27d)

∂Lc,i

∂ρ̃i−1

= F · diag
(

F
−1 · ũi−1

)

·F−1, (4.27e)

∂Lc,i

∂ũi−1
= F · diag

(

F
−1 · ρ̃i−1

)

·F−1, (4.27f)

where [0] denotes the null matrix. Once all the operators have been computed, a global
operator is created by appending all the local operators of all equations to one vector:

L(x) =
{

Lc,0 Lm,0 . . . Lm,Ngp−1 Le,Ngp−1 Ls,Ngp−1

}

T, (4.28)

where (x) is the total stacked solution vector and Ngp is the number of grid-points. When
the global Jacobian matrix J is assembled from all sub-Jacobians, an update of the global
solution vector is obtained by

δx = J−1 · L(x). (4.29)

It should be noted that, when starting this solution method under the initial conditions
of a quiescent �eld, stopping after the �rst iteration results in the (discretized) linearized
acoustic solution. The solution is converged for a solution vector xconv when the Euclidean
norm of L(xconv) is below a convergence criterion, which we take as 10−10. For the case
described in Sec. (4.4), just 5 iterations are su�cient to achieve convergence.

4.4 Nonlinear plane wave propagation

To test and verify the NLFD Euler equations implementation, the method is applied to the
case of an inviscid plane propagating wave problem in a semi-in�nite prismatic tube. A
schematic overview of the situation is given in Figure (4.1). The �uid is air, assumed to be a
calorically perfect gas at standard temperature and pressure (STP) conditions (p0 = 101.325
Pa, T0 = 293.15K). At the left boundary (x = 0), the velocity is prescribed: u(x = 0, t) ≡
u0(t) = ua sin(ωt). Since this excitation is periodic, we expect the response in the tube to
also be periodic. The tube extends in�nitely, so no re�ections can come back, and hence
we expect a propagating wave. For �nite amplitude disturbances, the wave pro�le will
distort. The physical condition allows for two situations, depending on the initial velocity
amplitude (ua). For weak sound waves, wave steepening occurs until the spatial gradients
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x = L

uL = ua sin(ωt)

x

x = ∞
i

i −
1
2
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i + 1 1
2

∆x

Figure 4.1 – Schematic overview of the plane propagating wave problem. At the left boundary (x = 0),
a velocity is assumed. For the numerical solution, the computational domain stops at the right boundary
(x = L), where a non-re�ective boundary condition is applied, such that a pure traveling wave is generated
in the domain. A piece of the numerical grid is shown as well.

become high enough, such that viscous e�ects and thermal conduction can no longer be
neglected. Then, these dissipation mechanisms will dampen out the wave. In the case of
strong sound waves, periodic shock fronts will be formed, which travel at the undisturbed
speed of sound [8, p. 385], c0. Eventually, these shock fronts will also dampen out.

In the model, no physical dissipation is taken into account. Therefore if the domain is
large enough a shock wave will appear. Hence, the validity of the model is for distances
smaller than the distance at which a discontinuity will form.

An analytical solution for this plane propagating wave problem is available, namely
the Fubini-Ghiron solution [1]. Some details of the analytical solution are presented in
Appendix (4.A). Details about the numerical solution are discussed in Sec. (4.4). In Sec. (4.4),
results will be compared and discussed.

Numerical solution

To create the numerical model, a �nite domain is required. Hence, the domain is cut o� at a
distance x = L. At the end of the domain, we employ a non-re�ecting boundary condition
(Eq. (4.40)). Filling in the amplitude vectors, we �nd that for the right boundary condition

p̃(x = L) ≡ p̃L = p0F ·
(

1+
γ − 1

2

F
−1 · ũL

c0

)
2γ

γ−1 , (4.30)

where 1 =
{

1 1 . . .
}

T. Upon linearizing Eq. (4.30) by letting (ũL → 0) we �nd

p̃L = p0F · 1+ z0ũL, (4.31)

where F · 1 =
{

1 0 0 . . .
}

T. Eq. (4.31) is the exact linear acoustics non-re�ective

boundary condition. To determine the absolute pressure in the domain, we have to apply
a pressure boundary condition on the left side. However, at this boundary the velocity is
prescribed. We convert the velocity boundary condition to a pressure boundary condition,
by again using Eq. (4.40). A purely sinusoidal velocity will result in a slightly deformed
pressure pro�le. We obtain the �rst four pressure phasors for the left numerical boundary
condition from the analytical solution, as is explained in Appendix (4.A). The starting guess
solution for the Newton iterations is a quiescent homogeneous �eld at STP.
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Results

We describe results for a test case having a base frequency of 100 Hz and where the acoustic
Mach number

Ma =
ua

c0
(4.32)

is set to 0.028, corresponding to a velocity ua of 4 · 103/z0 ≃ 9.7m·s−1, with z0 the char-
acteristic acoustic impedance. This corresponds to a shock distance (x⊥) of 16.1m. The
numerical domain size is set to 0.75x⊥. Two cases have been computed, for a number of
harmonics of 2 and 4. In both cases, the number of grid-points is chosen such that ∼15
grid-points �t in one wavelength of the highest frequency that is taken into account. A grid
study has been done to check the grid-independency of the solution. For Nf = 4, the total
degrees of freedom to solve for are

423
︸︷︷︸

Ngp

× (2× 4 + 1)
︸ ︷︷ ︸

Ns

× 4
︸︷︷︸

ρ,u,T,p

= 15228, (4.33)

for which the solution time is 2 s.
Figure (4.2) shows the �rst four pressure phasors of both the analytical and numerical

solution withNf = 4. The results agree very well, except for harmonic number 4. When the
fourth harmonic requires better resolution, more harmonics should be added to the nume-
rical solution. For the �rst harmonic, the relative di�erence between the analytical and the
numerical solution at x = L is only 1.4%. Figure (4.3) shows the normalized reconstructed
pressure time pro�le at the right side of the domain. The numerical solutions are shown
for both Nf = 2 and Nf = 4. As shown, the numerical pro�le converges to the analytical
pro�le when the number of harmonics is increased. If we setNf = 15, the numerical curve
lies on top of the analytical curve.

Discussion

In the current NLFD implementation, all degrees of freedom need to be stored in memory
during the solution process. Depending on the amount of harmonics taken into account, a
drawback of the NLFD method can be the memory usage. For example, at distances closer
to x⊥, the spectrum of the analytical solution shows less decay with increasing frequency.
For that case, we need to include more harmonics. Yet when the minimum number of grid-
points in the smallest wavelength is constrained, increasing the number of harmonics also
entails augmenting grid-points; hence, the number of degrees of freedom scales with N2

f .
Due to this principle, the required memory usage can quickly increase. A possible solution
is to vary the number of harmonics per grid-point [11], but this has the disadvantage of
needing a much more complicated computer code. Thermoacoustic system sizes are gen-
erally either ∼ λ0, or < λ0 [16] (when using a mechanical resonator). This means that the
current validation test case already has a relatively high number of grid-points, compared
to the number used for modeling a TA system. Therefore we do not expect to encounter
memory problems when modeling thermoacoustic systems.
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Figure 4.2 – Analytically and numerically computed pressure phasors for the simple wave of Sec. (4.4). On
the abscissa, the distance is normalized using the shock distance (x⊥). On the ordinates, the value of the
pressure phasors of the �rst four harmonics is normalized by z0ua . The Mach numberMa of the sinusoidal
velocity on the left side is 0.028. For the numerical result, a non-re�ective boundary condition is used on the
right side of the domain.
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Figure 4.3 – Normalized pressure time pro�le at the end of the numerical domain (x = L). To emphasize
the developed degree of nonlinearity, the linear acoustics solution (denoted by Linear sol.) is plotted as well.

The NLFD method can also be applied to the full three-dimensional compressible
Navier-Stokes equations [12]. In that case, we expect that by using the NLFD method,
a signi�cant decrease in computational cost can be achieved. A problem can be that all
harmonics - or time instances - have to be kept in memory during the solution procedure,
as opposed to solving the system in time domain. One possible disadvantage is that this
method is limited to periodic systems, however, not all TA systems behave this way [18].
Nevertheless, commercially feasible systems should behave periodically.

4.5 Conclusions

The nonlinear frequency domain method is explained and applied to the 1D Euler equa-
tions. These equations are used to solve the classical nonlinear acoustic problem of �nite
amplitude plane wave propagation. The numerical results agree with the analytical results,
showing that the method has been implemented correctly. A comparison of the pressure
pro�le in time has been shown in which the wave pro�le is signi�cantly distorted. For
this case, the numerical solution converges to the analytical solution when the number of
harmonics increases.

In comparison with the traditional nonlinear frequency domain method [6], a reduction
in computational cost is accomplished by computing the nonlinear terms in time domain
and afterwards transforming back to frequency domain. The ability to apply frequency
domain source terms provides several advantages when thermoacoustic systems are to be
modeled. Moreover, the computational cost of the method for modeling TA systems is ex-
pected to be much smaller than for time-accurate methods since we can, with only a few
Newton iterations, directly solve its periodic steady-state.
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For modeling TA systems, several model adjustments are required. As was explained,
the thermoacoustic coupling terms need to be included. Secondly, for the situation of res-
onators having a varying cross section, the 1D Euler equations have to be replaced with
their quasi 1D variants [17]. Di�erent segments need to be coupled, e.g. a heat exchanger
to a stack and to a resonator tube. In the case of thermoacoustic engines, the fundamental
frequency is not known, so the solution algorithm needs to be adjusted for an unknown
fundamental frequency. These subjects will be addressed in Chapter (5).
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4.A Analytical solution for nonlinear plane wave propagation

In this appendix, the analytical solution for a nonlinear plane propagating wave is described.
A more elaborated derivation is given in, for example the book by Landau and Lifshitz [8,
p. 394]. For a so-called simple wave, u is constant along lines with slope dx

dt
= c + u, or

following [14, p. 265]
∂u

∂t
+

(

c0 +
γ + 1

2
u

)

∂u

∂x
= 0. (4.34)

This has the implicit solution

u(x, t) = f

(

x−
(

c0 +
γ + 1

2
u

)

t

)

, (4.35)

where f is some function to be determined by the initial/boundary conditions. Filling in
the boundary condition for uL, the implicit solution reads:

u(x, t) = ua sin

(

ωt− ω

c0 +
γ+1
2 u

x

)

. (4.36)

Applying a �rst order Taylor expansion of the denominator, the solution can be made ex-
plicit by expanding in a Fourier series in space. One �nally �nds

u(x, t) = ua

∞
∑

n=1

2Jn(nx/x⊥)

nx/x⊥
sin[n(ωt− k0x)], (4.37)

where Jn is the Bessel function of �rst kind and nth order, k0 is the wave number [rad/m]
corresponding to the base excitation

k0 =
ω

c0
, (4.38)

and x⊥ the shock-distance:

x⊥ =
2c0

(γ + 1)uak0
. (4.39)

Eq. (4.37) is known as the Fubini-Ghiron solution [1]. Once the solution for the velocity
is known, the pressure can be computed from the local speed of sound, which is only a
function of the local velocity:

p = p0

(

1 +
γ − 1

2

u

c0

)
2γ

γ−1 . (4.40)

To obtain pressure phasors, we use the same approach as for the numerical solution;
that is, generating a time level vector for u, and substituting in the NLFD form of Eq. (4.40),
which is

p̃ = p0F ·
(

1+
γ − 1

2

F
−1 · ũ
c0

)
2γ

γ−1 . (4.41)

For the analytical solution, we use 101 time instances, corresponding to Nf = 50. The
�rst four harmonics obtained at x = 0 are used as boundary conditions for the numerical
solution of Sec. (4.4).



4

4.B. Fully discretized form of the Euler equations 79

4.B Fully discretized form of the Euler equations

In this appendix, we show the operators for the fully discretized form of the Euler equations.
A stable numerical scheme is found by using a staggered grid. In Figure (4.1), the grid is
schematically shown. The discrete points for the pressure are shifted half a grid-point with
the points for velocity, density and temperature. For this grid, the NLFD continuity equation
operator for grid-point i becomes

Lc,i = D · ρ̃i +
1

2∆x
F ·

(

F
−1 · ρ̃i+1 ◦F−1 · ũi+1

)

− 1

2∆x
F ·

(

F
−1 · ρ̃i−1 ◦F−1 · ũi−1

)

(4.42)

where∆x is the grid spacing. The fully discretized momentum equation operator is

Lm,i = D ·F ·
(

F
−1 · ρ̃i ◦F−1 · ũi

)

+
1

2∆x
F ·

[

F
−1 · ρ̃i+1 ◦

(

F
−1 · ũi+1

)
2
]

− 1

2∆x
F ·

[

F
−1 · ρ̃i−1 ◦

(

F
−1 · ũi−1

)
2
]

+
1

∆x

(

p̃i+ 1
2
− p̃i− 1

2

)

. (4.43)

The fully discretized isentropic state equation is

Le,i =
1

2

(

p̃i+ 1
2
− p̃i− 1

2

)

− p0F ·
(

F
−1 · ρ̃i/ρ0

)
γ . (4.44)

And �nally, the state equation:

Le,i =
1

2

(

p̃i+ 1
2
− p̃i− 1

2

)

−RsF ·
(

F
−1 · ρ̃i ◦F−1 · T̃i

)

. (4.45)
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chapter 5

MODELING OF THERMOACOUSTIC SYSTEMS USING THE NONLINEAR
FREQUENCY DOMAIN METHOD

The design of thermoacoustic devices requires accurate yet fast computational models. In this paper

such a model is presented, which is fast because it directly solves the periodic steady-state of a thermo-

acoustic device. The model is de�ned in the frequency domain, which eases the implementation of phase

delays due to viscous resistance and thermoacoustic heat exchange. As a demonstration, the model is

used to solve an experimental standing wave thermoacoustic engine. The obtained results agree with

experimental results, as well as with results from a nonlinear time domain model from the literature.

5.1 Introduction

When designing thermoacoustic (TA) systems, fast computational models are required for
quick feedback on design decisions. However, fast computational models are often based on
some crude simpli�cations of the underlying physics. Hence, generally a trade-o� has to be
made between the accuracy of the physics and the computational cost. On the one hand, we
have well-established one-dimensional linear TA theory [20, 23], which is fast to solve, but
only valid for low amplitude, while on the other hand, multi-dimensional computational
�uid dynamics (CFD) simulations o�er deep insight into the physical processes of a TA
system, but these simulations demand signi�cantly more time to solve.

From a computational time perspective, simulating a complete TA system with CFD
is considered too costly and therefore not suitable for optimization purposes. Hence, ad-
ditional assumptions are often applied. In the work of Hamilton et al. [10], the Courant
number restriction on the time step is loosened by neglecting the momentum equation in
the direction perpendicular to the wave propagation direction. In other multi-dimensional
modeling e�orts, a low Mach number analysis [11, 28] has been applied and/or only a sub-
domain of the full system [4] is taken into account. For the interaction with the part of the
system not modeled in detail, typically a linear acoustic model is used, or linear acoustic
boundary conditions are applied. Consequently, nonlinear e�ects are neglected in that part
of the system which is not modeled.

The main focus of this paper is the development of a nonlinear one-dimensional TA
model. The research on such a model has been started by Watanabe et al. [27] and Yuan et
al. [29]. With this time domain model, they were able to simulate a thermoacoustic system
starting from initial conditions, up to the periodic steady-state. The onset of a self-excited

The content of this chapter is based on publication:
J.A. de Jong, Y.H. Wijnant, D. Wilcox and A. de Boer. “Modeling of thermoacoustic systems using the nonlinear
frequency domain method”, The Journal of the Acoustical Society of America, 2015. In press.
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system was triggered with an initial pressure disturbance. Initially, their model su�ered
from spurious instabilities, caused by unstable linear eigenmodes which are introduced by
the viscous resistance and heat transfer models. To suppress these instabilities, arti�cial
di�usion was added. Later, Karpov and Prosperetti [14] solved this problem with better
models for resistance and heat transfer, which they call the “exchange terms” as they are
responsible for exchanging mass and momentum with the surrounding solid. Still, their
exchange terms are only in agreement with linear theory for the �rst and second harmonic
of the solution’s spectrum. The frequencies of these harmonics needed to be determined
before starting the simulation, whichmakes their model, in some sense, dependent on global
(tunable) parameters.

A more recent work discusses the application of the method of characteristics [19] to
model the experimental standing wave thermoacoustic engine of Swift. [22]. Here, heat
transfer and viscous resistance is computed using semi-empirical models.

The model presented in this work is based on the quasi one-dimensional model for ther-
moacoustic devices used by Karpov et al. [14]. Computational time is diminished by directly
solving the periodic steady-state. This is facilitated by a reformulation in the frequency do-
main using the nonlinear frequency domain (NLFD) method [8, 15]. Chapter (4) has shown
that the NLFD method is able to solve the periodic steady-state of a one-dimensional acou-
stic system with a computational time of ∼1 s. With the NLFD method, all physical quan-
tities are assumed to be periodic in time, hence, they can be described by a Fourier series.
Then, instead of doing a time integration, all Fourier coe�cients are simultaneously solved.
Using the Fourier coe�cients, the periodic time domain response can be reconstructed by
applying an inverse discrete Fourier transform. An additional advantage of a frequency do-
main formulation is that the frequency domain exchange models of linear TA theory can be
used in unmodi�ed form, which makes the model in exact agreement with linear thermo-
acoustic theory. A drawback of the method is that the initial transients of a system cannot
be modeled. However, in most cases the interest lies primarily on the performance of a TA
system in steady-state.

In Sec. (5.2), the model is explained, including the application of the NLFD method.
Furthermore, a frequency domain form is derived for the exchange terms. Then, in Sec. (5.3),
the numericalmethod used to solve themodel of Sec. (5.2)will be described. Notably, several
problems accompanying the NLFD method, which are related to solving for closed self-
excited systems (TA prime movers), are treated. Then, in Sec (5.4), the model will be applied
to solve the steady-state of an experimental standing wave TA engine [3]. The results are
discussed, and �nally in Sec. (5.6) conclusions are drawn.

5.2 Model

Governing equations

As shown in Sec. (2.6), a quasi one-dimensional nonlinear continuity, momentum, and en-
ergy equation can be derived from the governing equations. For convenience, the model is
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restated here:
∂ρ

∂t
+

1

Sf

∂

∂x
(Sfρu) = 0, (5.1a)

∂

∂t
(ρu) +

1

Sf

∂

∂x

(

Sfρu
2
)

+
∂p

∂x
= −Ru, (5.1b)

∂

∂t

(

p

γ − 1
+

1

2
ρu2

)

+
1

Sf

∂

∂x

[

uSf

(

γ

γ − 1
p+

1

2
ρu2

)]

= Hu −Qu

dTw

dx
, (5.1c)

accompanied with the perfect gas equation of state

p = ρRsT, (5.1d)

where x is the wave propagation direction, t is time, ρ density, u (axial) velocity, p pressure,
T temperature, γ the ratio of speci�c heats, Rs the speci�c gas constant and Sf is the �uid
cross-sectional area. So Sf = φS, where φ is the porosity and S the total cross-sectional
area. Ru is the resistive drag force [N·m−3] in the wave propagation direction due to shear
stress from the �uid acting on the wall. It is by de�nition

Ru ≡ − 1

Sf

˛

Π

(τ · n)xdΠ, (5.2)

where τ is the viscous stress tensor and n is the unit normal pointing transversely from
the �uid in the direction of the solid. The transverse direction is perpendicular to the wave
propagation direction. Π is the “wetted perimeter”, the contact line between solid and �uid.
The two terms on the right side of Eq. (5.1c) together describe heat �ow from the solid to
the �uid:

Hu −Qu

dTw

dx
≡ − 1

Sf

˛

Π

(q · n)dΠ, (5.3)

where q is the heat �ux vector.
Unless otherwise stated, all quantities in Eqs. (5.1) are area-averaged, and for brevity

the 〈· · · 〉 notation of Chapter (2) is dropped. Chapter (2) provides overview of the major
assumptions behind this model. In the energy equation, two sources are de�ned for heat
exchange with the wall. The sourceHu, is due to transverse conduction as a result of a dif-
ference between the wall temperature and the �uid area-averaged temperature. The source
Qu

dTw

dx
is due to convective enthalpy �ow, originating from the velocity and temperature

boundary layer close to the wall. In Sec. (5.2), the momentum and energy exchange terms
Ru,Hu andQu are treated in detail. We assume that the temperature of the wall is constant
in time, but a known function of space: Tw = Tw(x).

Application of the NLFD method

We assume a periodic steady state, so all dependent variables can be described by a Fourier
series. The basis of the nonlinear frequency domain (NLFD) method [15] is to substitute a
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truncated Fourier series for each dependent variable in Eqs. (5.1) and to solve for the Fourier
coe�cients. To explain this method, we take the density as the example dependent variable.
The truncated Fourier series for the density is

ρ(x, t) = ρ̃c,0(x) + ℜ





Nf
∑

n=1

ρ̃c,n(x)e
inωt



, (5.4)

where ω is the fundamental radial frequency, n the harmonic index,Nf is the total number
of harmonics taken into account, ℜ[. . . ] denotes the real part of its argument, and ρ̃c,i
with 0 ≤ i ≤ Nf is the Fourier coe�cient (phasor) for harmonic i. We store all Fourier
coe�cients in a real-valued vector ρ̃ as

ρ̃ =
{

ρ̃c,0 ℜ[ρ̃c,1] ℑ[ρ̃c,1] ℜ[ρ̃c,2] ℑ[ρ̃c,2] · · · ℑ
[

ρ̃c,Nf

]
}

T, (5.5)

where ℑ[. . . ] denotes the imaginary part of its argument. The imaginary part of the time-
averaged Fourier component (ρ̃c,0) is zero and is therefore not taken into account in the
storage vector. From the vector of density Fourier coe�cients, a vector of time instances ρ
can be constructed by applying the inverse discrete Fourier transform (DFT):

ρm ≡ ρ(tm) = ρ̃0 + ℜ





Nf
∑

n=1

(ρ̃2n−1 + iρ̃2n)e
inmω∆t



, 0 ≤ m < 2Nf + 1, (5.6)

where tm = m∆t and ∆t is the time step between each time instance, which can be com-
puted from the fundamental frequency and the number of harmonics with

∆t =
2π

ω(2Nf + 1)
. (5.7)

The operation of Eq. (5.6) applied to all time instance simultaneously is written as

ρ = F
−1 · ρ̃, (5.8)

where F is referred to as the discrete Fourier transform matrix, and hence F−1 the back-
ward discrete Fourier transform matrix (see Chapter (4)). For the continuity equation, we
also need the time derivative of the density. For the periodic function of Eq. (5.4), the time
derivative can be decomposed in terms of the time derivatives of the individual complex
exponentials. So the vector of the time derivatives of the density can be evaluated as

∂

∂t
ρ = F

−1 · ωĎ · ρ̃, (5.9)
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where Ď is the “time-derivative matrix”, scaled with ω:

ωĎ = ω














0 0 0 0 0 . . .

0 0 −1 0 0 . . .

0 1 0 0 0 . . .

0 0 0 0 −2 . . .

0 0 0 2 0 . . .
...

...
...

...
...

. . .














. (5.10)

Thus, the time derivative of the density in the frequency domain is

∂̂ρ

∂t
= F · ωF−1 · Ď · ρ̃ = ωĎ · ρ̃. (5.11)

To compute the spatial derivative of the mass �ux, the nonlinear product m = ρu is
required. This is done by �rst applying the backward discrete Fourier transform to the
density and velocity vectors of Fourier coe�cients, then computing the product of density
and velocity at each time instance, and �nally transforming back into the frequency domain.
Accordingly, the Fourier coe�cients of the mass �ux are computed as

m̃ = F ·
((

F
−1 · ρ̃

)

◦
(

F
−1 · ũ

))

, (5.12)

where the operator ◦ denotes the elementwise product of two vectors as de�ned in Chap-
ter (4), yielding a vector.

We apply this method to Eqs (5.1a)-(5.1d). As dependent variables the frequency do-
main storage vectors for cross-sectional area averaged density (ρ̃(x)), volume �ow (Ũ(x)),
temperature (T̃(x)) and pressure (p̃(x)) are chosen. The continuity, momentum and energy
equation are multiplied with the �uid cross-sectional area. For the continuity equation, we
�nd

SfωĎ · ρ̃+
d

dx
F · (ρ ◦U) = 0. (5.13)

For brevity, the inverse DFT inside the parentheses is not shown. Therefore, for the time
domain vectors ρ and U, one should read F

−1 · ρ̃ and F
−1 · Ũ, respectively. The volume

�ow can be related to the velocity by

U ≡ uSf . (5.14)

For the NLFD momentum equation we �nd

ωĎ ·F · (ρ ◦U) +
d

dx
F ·

(

ρ ◦U2

Sf

)

+ Sf

dp̃

dx
= −R̃U , (5.15)
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and for the NLFD form of the energy equation

ωĎ ·
(

Sf p̃

γ − 1
+F · 1

2Sf

(

ρ ◦U2
)
)

+
d

dx
F ·

(

Sfκ ◦ dT

dx

)

+
d

dx
F ·

(

U ◦
(

γ

γ − 1
p+

1

2S2
f

(

ρ ◦U2
)

))

= H̃U − Q̃U

dTw

dx
, (5.16)

where κ is the thermal conductivity, and henceκ the vector of time instances for the thermal
conductivity. Eq. (5.16) is not the full NLFD-equivalent variant of Eq. (5.1c), because we have
added an extra term corresponding to axial conduction. As stated by Karpov et al. [14], this
term is only important near walls. The reason for adding this term is explained in Appendix
(5.A). The last equation to solve for is the NLFD perfect gas equation of state:

p̃ = RsF · (ρ ◦T). (5.17)

In Eqs. (5.15) and (5.16), viscous resistance and heat transfer terms are rede�ned such
that R̃U = SfR̃u, H̃U = SfH̃u, and Q̃U = SfQ̃u, where the exchange terms with lower
case u are de�ned as the Fourier transform of the resistance and heat transfer operators of
Eqs. (5.1a)-(5.1d).

The exchange terms

We assume laminar, fully developed - oscillating - �ow, so the resistance R̃ is a linear func-
tion of the volume �ow. A closed form laminar resistance coe�cient R̃ in frequency domain
is derived from the linearized momentum equation, as is explained by Watanabe et al. [27].
Applying the NLFD method to this model results in

R̃U = R̃ ⋄ Ũ, (5.18)

where R̃ is the frequency domain resistance coe�cient. The symbol ⋄ denotes the product
in the frequency domain. Since the real and imaginary part of the value at each frequency
is stacked in the form of Eq. (5.5), an equivalent matrix-vector product is generated. For
example, the R̃ this matrix is

M(R̃) =
















R̃0 0 0 0 0 . . .

0 ℜ
(

R̃1

)

ℑ
(

−R̃1

)

0 0 . . .

0 ℑ
(

R̃1

)

ℜ
(

R̃1

)

0 0 . . .

0 0 0 ℜ
(

R̃2

)

ℑ
(

−R̃2

)

. . .

0 0 0 ℑ
(

R̃2

)

ℜ
(

R̃2

)

. . .

...
...

...
...

...
. . .
















. (5.19)
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Then, the frequency domain product R̃ ⋄ Ũ is computed asM(R̃) · Ũ, where the operator
· is the matrix-vector product. The components of R̃ are de�ned such that

R̃2n−1 + iR̃2n =
µ̃0

r2h

is2nfν,n
1− fν,n

for n > 0, (5.20)

where µ̃0 is the time-averaged dynamic viscosity, fν,n = fν,n(sn) is the cross-sectional
geometry dependent viscous Rott function [20, 23] evaluated at shear wave number sn. sn
is the shear wave number for harmonic n, given as

sn = rh

√

ρ̃0ωn

µ̃0
, (5.21)

where rh is the hydraulic radius. It is de�ned as the cross-sectional area divided by the
wetted perimeter:

rh =
Sf

Π
. (5.22)

The shear wave number can be related to the viscous penetration depth for harmonic n as

sn ≡
√
2

rh
δν,n

. (5.23)

If one would use this de�nition of the viscous resistance in the time domain, compu-
ting the viscous drag would require the computation of the convolution integral of the
inverse Fourier transform of the frequency domain resistance coe�cient with the volume
�ow. However, performing this integration over all cycles necessary to reach steady-state
is completely impractical [27]. Moreover, for simple geometries, such as circular tubes and
parallel plates, no closed form solution exists for the inverse Fourier transform of the resis-
tance coe�cient. These are important reasons for choosing a frequency domain formulation
rather than a time domain formulation.

In the drag model it is assumed that nonlinear e�ects in the viscous boundary layer are
small, such that the boundary layer �ow can be regarded as a superposition of linear boun-
dary layer velocity pro�les. Hence, the drag coe�cient is based on the following transverse
velocity distribution:

u(x, r, t) = ℜ





Nf
∑

n=0

〈ũn〉(x)
1 − hν,n(x, r)

1− fν,n(x)
einωt



, (5.24)

where r is the transverse coordinate, 〈. . . 〉 denotes area-averaging and hν,n is the transverse
velocity shape function, from which the Rott functions are derived:

〈hν,n〉 = fν,n. (5.25)

For example, for parallel-plate pores, hν,n is

hν,n(x, y) =
cosh

(

sn
√
i y
rh

)

cosh
(

sn
√
i
) , (5.26)
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fν R̃0 H̃0 Q̃0

Parallel-plate pores
tanh(

√
i sn)√

i sn

3µ̃0

r2
h

3κ̃0

r2
h

1
5 ρ̃0cp

Cylindrical pores
J1(2i

√
i sn)

i
√
i J0(2i

√
i sn)

2µ0

r2
h

2κ̃0

r2
h

1
3 ρ̃0cp

Boundary layer approximation −i
√
i

sn
0 0 −ρ̃0cp

Table 5.1 – Derived low-frequency limits for the thermoacoustic exchange terms.

where y is the distance from the center line between two plates.
Eq. (5.24) implies that the transverse “modes” of the axial velocity distribution do not

mix, hence in the boundary layer the linear (viscous) e�ects dominate.
As R̃n becomes singular for n = 0, we evaluate R̃0 by computing

R̃0 = lim
nω→0

µ̃0

r2h

is2nfν,n
1− fν,n

. (5.27)

This procedure is done for the viscous Rott functions for the earlier mentioned parallel-plate
pores, for cylindrical tubes, for which the viscothermal Rott functions are de�ned in terms
of Bessel functions [1, 24, p. 88], and for the boundary layer approximation. In Table (5.1),
the computed limits are listed.

For the heat exchange terms ,H̃U and Q̃U , the same procedure is followed as for the
viscous resistance. For H̃U we obtain

H̃U = SfH̃ ⋄
(

Tw1̃− T̃
)

, (5.28)

where

H̃2n−1 + iH̃2n =
Pr κ̃0

r2h

is2nfκ,n
1− fκ,n

, (5.29)

where Pr is the Prandtl number and fκ,n is the thermal Rott function. The thermal Rott
function can be evaluated as the viscous Rott function at shear wave number

√
Pr sn:

fκ,n = fκ(sn,Pr) = fν(
√
Pr sn). (5.30)

The vector 1̃ is

1̃ ≡















1

0

0
...















= F · 1 ≡ F ·















1

1

1
...















, (5.31)

so it only acts on the time-averaged part of the heat transfer. Similarly to Eq. (5.28), for Q̃
we �nd

Q̃U = Q̃ ⋄ Ũ, (5.32)
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where

Q̃2n−1 + iQ̃2n =
ρ̃0cp
1− Pr

(

fν,n
1− fν,n

− Pr
fκ,n

1− fκ,n

)

. (5.33)

In Eq. (5.33), cp is the speci�c heat at constant pressure. The results for H̃0 and Q̃0 are also
listed in Table (5.1). Note that if we linearize Eqs. (5.13) and (5.15)-(5.16) with Eqs. (5.18),
(5.28) and (5.33) for the thermoacoustic exchange terms and neglect axial conduction, the
model reduces to the exact linearized model of Swift and Rott, except that multiple non-
interacting harmonics can be computed simultaneously. Likewise, for an inviscid non-
conducting gas, R̃U , H̃U and Q̃U all reduce to the null vector and we obtain the quasi
one-dimensional Euler equations for a calorically perfect gas.

It is striking that the boundary layer approximation of Q̃0 in Table (5.1) has a di�er-
ent sign than the limit for parallel-plate and cylindrical pores. Nevertheless, this solution
is in contradiction with its underlying assumption. This assumption states that the boun-
dary layer thickness is small compared to the typical cross-sectional length scale, yet the
boundary layer thickness for fully developed steady �ow is in�nite by de�nition, because
as ω → 0, δν,κ → ∞. Therefore, this boundary layer approximation limit of Table (5.1) is
nonphysical and should not be used to model time-averaged interaction with the wall. For
the case of Sec. (5.4), the cylindrical resonator and hot end are modeled using the boundary
layer approximation for n > 0, while for n = 0, the cylindrical pore limit is used.

A problem with the heat exchange terms is that the model for wall heat exchange signif-
icantly underestimates the time-averaged heat transfer between the solid and the �uid. This
is because as a nonlinear e�ect, the presence of an acoustic wave a�ects the time-averaged
transverse temperature pro�le, which in e�ect in�uences the time-averaged heat transfer. In
Chapter (3), this e�ect is modeled in the framework of second order thermoacoustic theory.
Additionally, empirical models have been developed to compute time-averaged heat trans-
fer [18]. The latter uses a clear distinction between oscillating heat transfer by the acoustic
wave and induced time-averaged heat transfer. The oscillating heat transfer is modeled us-
ing linear thermoacoustic theory, and time-averaged heat transfer with an empirical model.
The empirical model needs statistical input from the acoustic �eld, such as the root mean
square (RMS) acoustic Reynolds number. A fully nonlinear model does not allow such a dis-
tinction, and the model presented in this section does not take such nonlinear heat transfer
e�ects into account. Inclusion of these e�ects requires a complete revision of the current
thermoacoustic heat exchange terms. At this point, this is left for future research.

5.3 Numerical implementation

In this section, the numerical method used to solve the model of Sec. (5.2) will be explained.
For the spatial discretization, a staggered cell-centered �nite volume method is used [16].
For constant grid spacing this results in second order spatial discretization. The volume
�ow is evaluated at the cell walls and density, temperature and pressure at the vertices.

For self-excited thermoacoustic systems, the fundamental frequency is unknown and
part of the solution. This introduces an extra degree of freedom for the numerical system,
which requires solving an extra equation. We add the additional equation that �xes the
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phase of the �rst harmonic at one of the walls of the system. For example, for the left wall
we add

ℑ(p̃1(x = 0)) = 0 (5.34)

to the system of equations. The details of this implementation are explained in Appendix
(5.B).

In the system of equations, one time-averaged continuity equation is replaced by the
global conservation of mass equation

Ncells−1
∑

j=0

ρ̃0,jVf,i = mp, (5.35)

where j is the cell index, Ncells is the total number of cells in the system, Vf,j is the local
volume of a cell andmp the prescribed (�uid) mass in the system, which is computed as

mp =
pref
RTref

Ncells−1
∑

j=0

Vf,j , (5.36)

where pref is the reference pressure (which is set when the system is initially �lled with
gas), and Tref is the reference temperature. Eq. (5.35) guarantees that the total mass in the
system is conserved. The necessity of this replacement is explained in Appendix (5.A).

The inclusion of thermal conduction in the model results in thermal boundary layers
of thickness ∼ δκ at the tube ends where the temperature is prescribed. One such tempe-
rature boundary condition is always present, as at least one Dirichlet boundary condition
for the temperature is needed to make the solution unique. The small thermal boundary
layer is responsible for so-called thermal hysteresis (thermal relaxation) [26], which dissi-
pates acoustic power. To resolve the acoustic temperature in the boundary layers, the grid
spacing needs to be < δκ. Therefore, a local grid re�nement is made at the expected loca-
tion of boundary layers. This boundary grid stretches exponentially to the inner segment
(standard) grid spacing. This way, boundary layer e�ects can be resolved while the number
of grid-points stays manageable.

The computations are done on a standard desktop computer with Intel i7 860 cores run-
ning at a clock frequency of 2.80 GHz with 8192 kB of cache size. A C++ program has been
written, which runs serially and uses the Armadillo linear algebra package [21] for compu-
ting the Jacobian terms. For solving the linear system at each Newton iteration, the direct
SparseLU Solver of the Eigen linear algebra package [7] is used. Typical solution times range
from 1 to 5 minutes, which is fast compared to computation times of∼ 10h when using the
method of characteristics [19].

5.4 Application: standing wave TA engine

In this sectionwe introduce the application of theNLFDmethod to solve the periodic steady-
state of a standing wave thermoacoustic engine. As the application test case, the standing
wave engine of Atchley [3] is chosen, because we have both experimental data of the linear
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Resonator Cold HX Hot HX

Stack Hot end

U = 0U = 0

T = TH
dT
dx = 0

Tw

x

Figure 5.1 – Schematic overview of the standing wave engine of Atchley. The picture is not at scale. The
wall temperature pro�le is shown in the graph below. On the right side of the stack, Tw is set to TH .

and nonlinear aspects of this device. Moreover, using the results of this test case allows us
to compare them with earlier numerical results, presented by Karpov et al. [14] and Yuan
et al. [29].

Figure (5.1) shows a schematic overview of the geometry of this standing wave engine.
The geometry consists of discrete “segments”: the resonator, cold heat exchanger, stack, hot
heat exchanger and the hot duct. The geometrical and modeling details for each segment
are listed in Table (5.2). The total cross-sectional area of each segment is the same and
is based on the inner diameter of the tube, which is 38.2 mm. One geometrical detail has
been left out of the model. In the experimental setup, the cold heat exchanger consists of
two identical structures. However, in our case this is modeled as a single heat exchanger
with twice the original length. The wall temperature distribution Tw is prescribed. It is
constant everywhere except in the stack, where Tw is linear in x. For the �uid temperature,
the resonator segment has an adiabatic wall boundary condition, while the hot end has an
isothermal wall at TH . On both sides, the volume �ow is set to zero as a result of the no-slip
condition. The working gas is helium and the system is �lled to an elevated pressure of 3.76
atm. Due to heating and the presence of thermoacoustic oscillations, the mean pressure
increases to a steady-state value which is 0.1− 0.2 atm higher.

At the segment interfaces, the geometry has discrete jumps in cross-sectional area and
hydraulic radius. These jumps are softened using a smooth transition of all geometric pa-
rameters. However, the viscothermal Rott functions are not smoothed. Smoothing the ge-
ometries together has several disadvantages. Firstly, the solution becomes dependent on the
chosen transition length. Secondly, �ow “minor losses” [25] due to sudden expansions and
contractions cannot be modeled. An improved approach (beyond the current scope) would
be to impose conservative jump conditions at the segment interfaces. This would also allow
for “branching” di�erent segments, as is required in (traveling wave) TA systems with side
resonators.

The amplitude of the acoustic oscillations in the system is determined by the strength of
the thermoacoustic e�ect, which is controlled by the wall temperature gradient in the stack.



5

92 Chapter 5. Modeling of thermoacoustic systems using the nonlinear frequency domain method

Segment Length (mm) rh (mm) φ Shape BL

Resonator 879.7 9.55 1.00 Circ. tube Yes

Cold HX 20.4 0.51 0.70 Par. plates No

Stack 35.0 0.385 0.73 Par. plates No

Hot HX 7.62 0.51 0.70 Par. plates No

Hot end 473.0 9.55 1.00 Circ. tube Yes

Table 5.2 – Geometrical and modeling details of the standing wave engine of Atchley. The column “BL”
denotes if for that segment the boundary layer approximation for the viscothermal Rott functions is used.
For Circ. tube geometries, rh = 1/2R, where R is the tube radius. For Par. plates, rh = y0 , which is half
the plate spacing.

This temperature gradient is in turn determined by the temperature di�erence between the
cold and the hot side: ∆T = TH − T0, where TH is the wall temperature of the hot end,
and T0 is the ambient temperature, which is set to 293.15 K.

As a measure of grid convergence, the amplitude of the �rst harmonic of the pressure
is used. For all shown results, this pressure amplitude does not change more than 1.5%
with a doubling of the number of grid-points. For the low-amplitude cases, the number of
harmonics in the simulations is set to Nf = 6, which is su�cient to �nd the amplitude
of the �rst harmonic to have negligible dependence on Nf . With Nf = 6, the number of
grid-points is 1059, which results in a total of 55068 degrees of freedom for the solution.

5.5 Results

Using this nonlinear model, the onset temperature di�erence can be determined approx-
imately. Below onset, the numerical method does not converge because as discussed in
Appendix (5.B), the fundamental frequency becomes unde�ned when the oscillation am-
plitude goes to zero. We use the following procedure to determine the onset temperature
di�erence. First, a temperature di�erence is chosen which is higher than the onset tempe-
rature. Then, the temperature di�erence is lowered in �xed steps of 1K, until the solution
does not converge. The last value for which the solution does converge is the onset tempe-
rature.

A close agreement has been found in the onset temperature di�erence between our
computational results and the experimental results. For the onset temperature di�erence
we �nd a value of 324K. This value is only 1K o� from the experimentally obtained value
of 325K. Close to the onset temperature, the amplitude dependence on∆T is strong. This
was also found by Karpov et al. [14].

Figure (5.2) shows the spatial distribution of the pressure harmonics at ∆T = 325K.
From these distributions, it is clear that the resulting time response of the pressure strongly
depends on the axial position. The shapes of the harmonic pro�les closely resemble the li-
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Figure 5.2 – Spatial distribution of the real ( ) and imaginary ( ) part of the acoustic pressure
harmonics in the engine running at the lowest temperature di�erence of 325 K. The in�uence of the engine
core can be seen at x ≃ 0.9m, where the curvature in the pro�les is relatively high.

near acoustic eigenmodes of a tube closed at both sides. The relative phases are determined
by the nonlinear coupling. The resulting amplitudes of the higher harmonics are deter-
mined by the eigenfrequencies and quality factors of the linear acoustic modes. Speci�cally,
the amount of dissonance [12] is of importance: the di�erence between the acoustic eigen-
frequencies and the higher harmonics of the fundamental (driven) tone. To suppress this
cascade energy transfer to higher harmonics, more dissonance could be created by shaping
the cross-sectional area of the resonator [5, 9]. For x ≥ 0.9 m, the in�uence of the heat
exchangers and stack causes these pro�les to deviate from “pure” cosines.

For higher temperature di�erences - and hence higher drive ratios - the shape of the
pressure phasors does not change signi�cantly. However, the higher harmonics become
more prominent in relation to the fundamental tone, hence nonlinear distortion increases.

Figures (5.3) and (5.4) show the acoustic pressure as a function of time on the left side
of the resonator for a stack temperature di�erence of ∆T = 325K and ∆T = 368K. The
�rst temperature di�erence is slightly above onset and the pro�le is nearly sinusoidal. In
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Figure 5.3 – Solution of the pressure waveform at x = 0 for∆T = 325 K and Nf = 6.

the second case, the drive ratio has been increased to approximately 10%. The fundamental
frequency of the ∆T = 368 K is 520 Hz, which is a bit higher than the fundamental of the
∆T = 325 K case of 516 Hz. This is due to the higher average speed of sound in the system.
Figure (5.4) can directly be compared with Figure (11) of Karpov et al. Some small wrinkles
are found in the wave valleys; these are also found in the experimental results [2], and in
the results of the time domain model of Karpov et al. [14]. Increasing Nf does not visibly
change the wave pro�le. Moreover, the wrinkles in the wave valleys do not disappear.

A typical quantity of interest in a thermoacoustic system is the acoustic power �ow, or
the cycle-average of the work �ow

E = pU, (5.37)

where the overline means time-averaging. This quantity can be computed from the fre-
quency domain data by

E = p0U0 +

Nf
∑

n=1

En = p0U0 +
1

2
ℜ





Nf
∑

n=1

pc,nU
∗
c,n



. (5.38)

In Eq. (5.38), En is the acoustic power �ow of the nth harmonic. Figure (5.5) shows the
acoustic power in the �rst three harmonics at ∆T = 325 K. For all i, the power is zero at
both ends of the tube. It can be seen that both the fundamental and second harmonic gain
acoustic power in the stack. Yet the second harmonic loses nearly all its gained power in the
cold heat exchanger by viscothermal losses. All harmonics higher than the second transport
net power from the resonator to the stack and are therefore dissipative. For this situation,
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Figure 5.4 – Solution of the pressure waveform at x = 0 for∆T = 368 K and Nf = 6.

linear losses are dominant, since the power in the higher harmonics is negligible compared
to the fundamental, as would be expected close to the onset temperature di�erence. This
is no longer true in the high drive ratio/high temperature case of Figure (5.6), where the
higher harmonics - especially the second - have a visible e�ect on the fundamental.

At the high drive ratio, the heat load in the heat exchangers is relatively low, because
the transverse temperature di�erence between solid and �uid in the heat exchangers and
stack is small compared to the axial temperature di�erence of 368 K. Therefore, the under-
estimation of the time-averaged heat transfer with the model of Sec. (5.2) does not have a
signi�cant in�uence on the computed saturation amplitude. For a traveling wave engine
running at similar pressure amplitude, the wave would have 20 to 100 times more acoustic
power, and therefore the heat load would be approximately that same factor higher. In that
case, the overestimation time-average temperature di�erence in the heat exchangers would
have a signi�cant e�ect on the saturation amplitude.

For the high drive ratio, the peak RMSReynolds number is∼ 3·104. With a fundamental
shear wave number of 273, this results in “weakly turbulent �ow” according to Figure (7.4)
of the book by Swift [24, p. 161]. Thus, the laminar �ow drag model fails. In order to obtain
results closer to the experimental results, a turbulent �ow drag model is required, which is
beyond the scope of this research.

The computed amplitude for the high temperature case is about 40% higher than the
result from the time domain model of Karpov et al. [14], due to several di�erences between
the models. First, since the wall temperature is �xed in this model, the wall temperature
gradient is not decreased by thermoacoustic streaming, i.e. the wall acts as a perfect heat
source/sink. Secondly, in the model of Karpov et al., heat transfer is lowered by a factor
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Figure 5.5 – Acoustic power of �rst three harmonics as a function of position in the tube slightly above
onset ( ∆T = 325K). From the left, the �rst vertical line is located at the left side of the cold HX. The
second line is at the right side of the hot HX.

Kh = 25/35, to compensate for the fact that not all plates “participate in the heat transport
along the stack.” We have not included this factor in our model. Finally, their approximate
drag and heat transfer model overestimates damping for the higher frequencies, as can be
seen from the drag curve (Figure (1) in the paper by Karpov et al. [14]). The combined
di�erences bring their model closer to the experimental results and this model closer to
linear thermoacoustic theory.

5.6 Conclusions

The periodic steady-state of a standing wave thermoacoustic engine has been numerically
solved using a quasi one-dimensional thermoacoustic model. The periodic steady-state is
found in frequency domain by applying the nonlinear frequency domain method to this
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Figure 5.6 – Acoustic power of �rst three harmonics as a function of position in the tube at ∆T = 368K).
The vertical lines are the same as in Figure (5.5).

model. Several di�culties are treated related to solving self-excited thermoacoustic systems
with the nonlinear frequency domainmethod, among them amethod to obtain the unknown
fundamental frequency of the periodic steady-state. The low-amplitude limit of this model
is in exact agreement with linear thermoacoustic theory. Nonlinear e�ects appear in the
results in the form of the generation of higher harmonics. It has been found that taking
only 6 harmonics into account is enough to accurately describe nonlinear e�ects in the
experimental setup and to reach global convergence. The results are in good agreement
with a time domain model from the literature, which shows a similar qualitative agreement
with numerical experiments. The computation times of the developed computer code are
small enough such that the model can be used in future optimization studies.
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5.A Mass balance

When a time domain model for a closed system is solved using a conservative integration
scheme, global quantities such as mass and momentum are conserved as the solution pro-
gresses in time. If the NLFD equivalent of this time domain model is solved, this is no longer
true as the solution does not follow physical states during the solution process. It results
in a numerical problem, which can be explained by assuming a steady-state system. This
can be done using the NLFD method by setting Nf = 0. For Nf = 0 all storage vectors
have length one, so they contain only the time-average of the state. The model we consider
is a piece of prismatic tube of length L with an isothermal wall on both sides, as shown in
Figure (5.7). On the left side, the temperature is kept at the reference temperature T0. On
the right side, the tube is heated to a temperature TH . In the domain, we assume adiabatic
tube walls and we neglect viscothermal e�ects. The problem is one-dimensional and we
consider a calorically perfect gas with constant thermal conductivity. Then, the continuity
equation states

u
dρ

dx
+ ρ

du

dx
= 0. (5.39)

This equation can be integrated to obtain

u(x) =
ρref
ρ(x)

uref . (5.40)

So if we set uref = u(0) ≡ 0, the solution we �nd is that the velocity is zero at all positions
in the tube: the tube is quiescent. If we use this result for the momentum equation, we �nd

dp

dx
= 0, (5.41)

for which we �nd the solution p = constant in the domain. Next, the energy equation
reduces to

d2T

dx2
= 0. (5.42)

Using the left and right boundary condition, we �nd the linear temperature distribution
T = T0+(TH −T0)x/L. Finally, using the perfect gas equation of state, the density can be

Vertex Cell walls
x

u = 0u = 0

T = T0 T = TH

Figure 5.7 – Example situation of a closed system with adiabatic walls on the side. At x = 0, and x = L,
two isothermal walls are present. A cell-centered grid is shown, where the discrete density variables lie in
the middle of the cells.
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determined up to the same constant: ρ = constant/RsT . Since we do not have a boundary
condition where the pressure or the density is prescribed, the value of the pressure and the
density cannot be determined. Moreover, we have too many boundary conditions for the
velocity: when the velocity is zero at one boundary, it has to be zero at the other boundary
due to Eq. (5.40). For the numerical method, this situation results in a singular Jacobian
matrix.

Nevertheless, the pressure in the system can uniquely be determined by applying knowl-
edge of the global state of the system. For example, if we know the amount of mass in the
tube, we obtain the global equation

ˆ

Vf

ρdV = mp, (5.43)

where Vf is the total �uid volume in the tube andmp the amount of �uid mass in the tube.
Then we can obtain the pressure as

p =
(TH − T0)

ln
(

TH

T0

)
Rsmp

Vf

. (5.44)

For the numerical method, we apply a discretization of the governing equations, which
results in a nonlinear system of algebraic equations. Adding Eq. (5.43) to this system yields
an over-determined system. Therefore, the time-averaged continuity equation for one grid-
point is replaced by the equation describing the global conservation of mass. For a �nite
volume scheme, we replace one local DC continuity equation with Eq. (5.35). Since closed
thermoacoustic systems are often �lled at room temperature, a bene�cial e�ect of this global
equation is the fact that we obtain the DC pressure increase in the system under operat-
ing conditions. For systems with large resonators, this increase in mean pressure is small.
Yet for thermoacoustic systems which have a high heated volume with respect to the to-
tal volume, such as engines with mechanical resonators, the mean pressure can increase
signi�cantly.

At this point, we are in the position to say something about the inclusion of axial con-
duction in Eq. (5.16). If we had neglected conduction, Eq. (5.42) would reduce to an identity
and the system would be completely under-determined. Inclusion of the conduction term
solves this problem. Moreover, it enables us to resolve the thermal boundary layer adjacent
to an isothermal wall.

5.B The fundamental frequency

A TA engine is a self-excited system, therefore the fundamental frequency is unknown and
part of the solution. This appendix describes the numerical implementation used to solve
for unknown fundamental frequency. As explained in Chapter (4), a global residual operator
L is introduced, which combines the governing equations for all degrees of freedom. A state
vector x is the solution if

L(x) = 0. (5.45)
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This solution is searched for using the Newton-Raphson method, where we analytically
evaluate the Jacobian matrix dL

dx .
Since for a self-excited system no boundary conditions are given for the phase, this resi-

dual operator is invariant to a shift in time. So if a global time shift is applied to one solution,
this yields another valid solution. A unique solution is found by �xing the phase. Therefore,
an extra equation is added to the system, following the original idea of Nakhla et al. [17],
as developed by Gilbert et al. [6]. To obtain one extra equation, the phase of the solution is
�xed by adding an extra equation. We call this extra equation the timing constraint. This
timing constraint can be set to any dependent variable. As explained in Sec. (5.3), we add the
equation setting the imaginary part of the amplitude of the �rst harmonic of the pressure
at the left wall equal to zero, as represented by Eq. (5.34). Note that the relative phase of
higher harmonics with the fundamental tone is determined by the nonlinear coupling.

We de�ne a new system of equations in which the fundamental frequency is added as
unknown and the timing constraint as an equation. So the augmented solution vector is

y = (x, ω), (5.46)

and the augmented residual is

M = (L(x),ℑ(p̃1(x = 0))). (5.47)

To search for the solution, Newton iterations are done using the Jacobian of the augmented
residual operatorM:

δy = −dM

dy

−1

·M, (5.48)

where
dM

dy
=

[
∂L
∂x

∂L
∂ω

∂ℑ(p̃1(x=0))
∂x

0

]

. (5.49)

In Eq. (5.49), ∂ℑ(p̃1(x=0))
∂x

is a single row which is zero everywhere, but is one at the

global degree of freedom number corresponding to ℑ(p̃1(x = 0)). The column ∂L
∂ω

, is the
sensitivity of the residual to a change in frequency. For brevity we only show the semi-
discrete form of these sensitivities. These sensitivities can be derived from the governing
equations. For the continuity equation this sensitivity is

∂Lc

∂ω
= SfĎ · ρ̃. (5.50)

For the momentum and energy equation, however, we neglect the sensitivity to the opera-
tors D̃,H̃ and Q̃, so for the momentum equation we use

∂Lm

∂ω
≃ Ď ·F · (ρ ◦U), (5.51)

and for the energy equation

∂Le

∂ω
≃ Ď ·

(

Sf

γ − 1
p̃+

1

2Sf

F ·
(

ρ ◦U2
)
)

, (5.52)
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and �nally for the equation of state

∂Ls

∂ω
= 0. (5.53)

In most cases it is only the fundamental mode which is unstable [13]. The frequency
of the instability can be found using linear theory. For the application of Sec. (5.4), a close
enough guess for the numerical solution is

ω ≃ πc0
L

, (5.54)

where c0 is the ambient undisturbed speed of sound and L is the length of the engine.
It should be noted that for self-excited systems the quiescent situation cannot be used

as an initial guess for the solver, since a quiescent solution makes the augmented Jacobian
matrix singular. This is because at quiescent conditions, the solution is no longer dependent
on the fundamental frequency. Therefore, as a starting guess, a “driven” solution is used.
For the application of Sec. (5.4) the starting guess is the solution of this system driven at the
left boundary with frequency as de�ned in Eq. (5.54) and unit amplitude.
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chapter 6

CONCLUSIONS AND RECOMMENDATIONS

In this chapter, the conclusions from individual chapters are summarized and put in a more general

perspective. Based on the �ndings of this research, recommendations are given for further research.

6.1 Conclusions

As described in Chapter (1), the main objective of the research described in this thesis is
the development of mathematical and numerical modeling techniques for thermoacoustic
systems, both to better understand the behavior, and to predict and optimize the perfor-
mance when designing new TA systems. To this end, a second order one-dimensional ther-
moacoustic heat transfer model for heat exchangers has been developed. Besides that, a
nonlinear one-dimensional thermoacoustic mode has been developed which can be used to
directly solve the periodic steady-state of a thermoacoustic system. The conclusions drawn
based on the �ndings of this research are described in this chapter.

Chapter (2) introduced the theory used in the subsequent chapters. From �rst prin-
ciples, a simpli�ed approximate nonlinear model is derived which is valid for long pores.
This model is subsequently used to derive the linear thermoacoustic model of Swift and
Rott. Moreover, a nonlinear model for TA systems is derived from this long pore approxi-
mation. This model is used as the basis for Chapter (5). For low oscillation amplitude, this
nonlinear model is asymptotically in agreement with the linear TA theory. Moreover, in
the limit of zero thermal conductivity and zero viscosity, the model reduces to the quasi
one-dimensional Euler equations.

As described in Chapter (3), a one-dimensional thermoacoustic heat transfer model has
been developed for parallel-plate thermoacoustic heat exchangers. The model is valid in the
limit of low amplitude oscillations, particularly in the case where the particle displacement
amplitude is smaller than the heat exchanger length. Themodel takes the interaction of heat
transfer with the acoustic wave into account and it is shown that the common approach of a
simple “time-averaged heat transfer proportional to time-averaged temperature di�erence”
does not su�ce to describe the heat transfer in compressible oscillating �ows.

To compare results with the literature, an e�ective heat transfer coe�cient has been
computed for some test cases and the results showed good agreementwith literature results.
It is also shown that the wave phasing (traveling wave/standing wave) does not have a
large in�uence on heat transfer. From this it can be learned that experimental heat transfer
results obtained with a standing wave are also representative for traveling waves. As the
developed model is one-dimensional, contrary to theoretical models from the literature, this
model allows for easy implementation in an existing one-dimensional thermoacoustic code.

In Chapter (4), a method is explained to directly compute the periodic steady-state of
acoustic systems. The method is called the nonlinear frequency domain (NLFD) method

105
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and is based on a Fourier series expansion of the time response of the dependent variables
in a system. To test the implementation of this method in a computer code, the problem
of an inviscid non-conducting nonlinear plane propagating wave is simulated. The results
are compared with analytical results, showing a correct implementation of the method.
Moreover, it is shown that this method is also suitable for modeling periodic nonlinear
(thermo)acoustic systems.

In Chapter (5), the use of the NLFD method to simulate thermoacoustic systems is dis-
cussed. The NLFD method is applied to a quasi one-dimensional thermoacoustic model.
The developed computer code is used to simulate a standing wave thermoacoustic engine
from the literature. The results are in good agreement with a time domain model from the
literature, which shows a similar qualitative agreement with numerical experiments. The
required computation time on the order of minutes is short compared with reported com-
putation times of multiple hours in other research e�orts. This makes the use of this code
viable for optimization loops. Using this nonlinear TA model, several physical mechanisms
can be captured which could not be captured with the linear TA model:

• Gedeon streaming The sources for Gedeon streaming are included in the model, as
this model naturally allows resolving the DC �ow in the system.

• High amplitude motion The cascade harmonic generation process can be fully re-
solved, as the motion is not assumed to be sinusoidal anymore, but merely periodic.
Moreover, the e�ects of high-amplitude convective enthalpy transport are resolved.
This means that the e�ect of gas parcels which move larger distances than the seg-
ment distance can be included.

• Alternator drift As a result of the acoustic wave, the time-averaged pressure also
varies throughout a thermoacoustic system. As a result, a net force can act on the
linear alternator piston. This results in a “drift” of the linear alternator from its equi-
librium position. Due to this drift, the stroke of the alternator is reduced, which
results in a lower maximum power output. When the radiation pressure is correctly
determined during the design, measures can be taken to account for this e�ect.

6.2 Recommendations for further research

In this section a list of subjects is given which require further research. The last subject
discussed is the application of the nonlinear model in di�erent research �elds.

An improved nonlinear thermoacoustic heat transfer model

As discussed in Chapter (2), the nonlinear model of Chapter (5) is inconsistent with the heat
transfer model of Chapter (3). Up to second order, this nonlinear coupling between time-
averaged heat exchange and the acoustic wave is taken into account in the heat transfer
model of Chapter (3). However, the thermal interaction of the acoustic wave with the wall
is assumed to be linear in the nonlinearmodel. As a result, in the nonlinear model for a given
temperature di�erence between the solid and the �uid, the time-averaged heat transfer is
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underestimated. A recommendation for further research is to revise the heat transfer model
of Chapter (5) such that it incorporates these nonlinear e�ects.

The nonlinear frequency domain method for CFD

As the NLFDmethod decreases computational cost for the one-dimensional thermoacoustic
model, a speed-up can also be expectedwhen themethod is applied to full three-dimensional
models. The time spectral method, the time domain variant of the NLFDmethod, has shown
signi�cant reductions in the computational costs for modeling of periodic �ow in turboma-
chinery. Hence, reductions in computational cost are also expected when modeling TA
systems. Moreover, when a frequency domain implementation is used, the application of
impedance boundary conditions becomes much more straightforward. Therefore, the ap-
plication of the NLFD method for CFD modeling of TA systems should be investigated.

Towards nonlinear modeling of a thermoacoustic Stirling engine generator

In Chapter (5), we have shown that using the NLFD method, thermoacoustic systems can
e�ciently be modeled. However, for modeling of a thermoacoustic Stirling engine gen-
erator, several additions and modi�cations have to be made to the computer code. These
recommendations all refer to the one-dimensional nonlinear code:

• Turbulent �ow The current nonlinear model provides models for segments in which
the �ow is laminar. In the case of high amplitude, the �ow can become turbulent and
the laminar model fails. For these situations, an oscillating �ow turbulence model
should be implemented in the code.

• Solid heat equation The model of Chapter (5) uses a prescribed solid wall tempe-
rature distribution. In stacks and regenerators, however, this temperature is the result
of the balance in heat between solid and �uid. Hence, a heat equation needs to be im-
plemented for the temperature of the solid.

• Porousmaterial regenerators In TA Stirling engines, the regenerator material used
does not have a regular pore shape. For example, stacked metal wire screens and/or
porous metal �bre materials with a random structure are used. For these types of
materials, additional models need to be included to compute �ow resistance, heat
transfer and conduction losses. The literature provides several models for (randomly)
porous regenerator materials.

• Piston boundaries To allow mechanical power extraction from the �uid domain,
moving wall boundary conditions need to be implemented.

• Branching of segments TA Stirling systems have a looped topology. This means
that segments need to be “branched” as is similarly done in DeltaEC. Currently, this
branching of segments is not included. Moreover, the coupling of di�erent segments is
currently done by “smoothing” one geometry to another. As this method introduces
tunable parameters (i.e. the smoothing length) in the model, this is not ideal. An
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improved approach would be to impose conservative jump conditions at the segment
interfaces.

• Jet pumps Tomodel the e�ect of jet pumps in TA systems, segments with �owminor
losses need to be implemented. This would also allow us to compare the jet pump
pressure drop predicted from sinusoidal �ow with the nonlinear �ow results. To this
end, transitional jumps which include minor losses can be modeled using lumped
minor loss coe�cients.

• Streaming losses Heat leak due to acoustic streaming is an important loss mecha-
nismwhich is hard to account forwith a one-dimensional model. A simpli�ed account
for Rayleigh streaming and turbulent �ow heat losses in thermal bu�er tubes can be
made by using a higher e�ective thermal conductivity.

Other applications of the nonlinear model

When all recommendations previously de�ned are implemented in an improved computer
code, other Stirling typemachines can also bemodeled. Examples are pulse tube cryocoolers
and free-piston Stirling engines. Moreover, other applications where nonlinear viscother-
mal wave propagation is involved can be modeled. This is the case in some musical wind
instruments. For example, in a clarinet driven at high amplitude, the acoustic �eld in the
tube can become strongly nonlinear. For such “machines,” the applicability of the presented
modeling techniques is well worth investigating.
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